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S'inspirant de l'approhe de V. Vassiliev pour l'etude des noeuds, T. Ohtsuki
a introduit dans [O℄ une theorie d'invariants de type ni des spheres d'homologie
entiere. Puis, T. Cohran et P. Melvin l'ont generalisee dans [CM℄ aux 3-varietes
ompates orientees.
De faon independante, M. Goussarov et K. Habiro ont introduit une autre theorie
d'invariants de type ni pour les 3-varietes ompates orientees et leurs entrelas.
Developpee dans [Go℄, [GGP℄ et [Hr℄, leur theorie s'aompagne d'une tehnique
alulatoire eÆae et originale, appelee alul de lovers ou alul de laspers, et
denie par des operations du type \ouper/reoller".
La restrition aux spheres d'homologie entiere de la theorie de Goussarov-Habiro
se trouve e^tre equivalente a elle d'Ohtsuki, et est assez bien omprise (au moins
pour les oeÆients rationnels). En revanhe, pour les 3-varietes homologiquement
non-triviales, la theorie de Goussarov-Habiro ne onide pas ave elle de Cohran-
Melvin et reste enore meonnue.
Une 3-variete ompate orientee peut e^tre equipee de strutures supplementaires,
appelees Spin-strutures et Spin

-strutures : lorsque la variete est homologique-
ment non-triviale, elle peut e^tre munie de plusieurs de es strutures. Depuis les
travaux de V. Rohlin, l'emergene de Spin-strutures puis de Spin

-strutures,
dans les themes de la topologie de basse dimension s'est repetee. Par exemple, les
Spin-strutures se sont averees tres utiles pour l'etude des mapping lass groups
des surfaes, autant que pour elle des invariants quantiques des 3-varietes om-
pates orientees. De me^me, les travaux de V. Turaev ont revele l'importane des
Spin

-strutures dans la theorie des torsions ombinatoires.
Dans ette these, nous proposons
1
, et nous etudions, des raÆnements de la
theorie de Goussarov-Habiro aux 3-varietes ompates orientees munies de Spin-
strutures ou de Spin

-strutures. Plus generalement, nous nous eorons d'illustrer
l'intere^t que presente la prise en ompte de es strutures pour l'etude de la theorie
de Goussarov-Habiro.
Cette these est onstituee de inq hapitres que nous introduisons maintenant
suessivement.
  
Le premier hapitre expose, de faon uniee et detaillee, des raÆnements Spin
et Spin

de la theorie d'invariants de type ni de Goussarov-Habiro.
A et eet, nous debutons par quelques rappels sur la theorie \brute". Puis,
nous revisons les Spin-strutures et les Spin

-strutures, et leurs equivalents tels
que les parallelisations et les strutures d'Euler geometriques. Nous mettons alors
sur pied des tehniques de reollement des strutures spinorielles (omplexes). Nous
1
Goussarov et Habiro ont annone dans [Go℄ et [Hr℄ la possibilite de raÆner leur theorie




montrons aussi, pour toute 3-variete M ompate orientee a bord et pour toute
Spin-struture  sur M , l'existene de Spin

-strutures sur M relatives a . Note
Spin

(M;), l'espae de es strutures joue un ro^le essentiel dans la suite.
Ces tehniques de reollement nous permettent de donner une signiation Spin
et Spin

a es mouvements hirurgiaux qui onsistent a modier une 3-variete
ompate orientee en la twistant le long d'une surfae fermee onnexe sindante
par un dieomorphisme agissant trivialement en homologie. Nous pouvons alors,
omme annone, raÆner la theorie de Goussarov-Habiro aux 3-varietes ompates
orientees munies de Spin-strutures ou de Spin

-strutures. Le alul de lovers




Le deuxieme hapitre reprend la publiation [Ms℄ et s'interesse au raÆnement
Spin de la theorie de Goussarov-Habiro.
La premiere question soulevee par une theorie d'invariants de type ni est la
araterisation de ses invariants de degre 0. Pour la theorie de Goussarov-Habiro
et dans le as des varietes fermees orientees, un theoreme de S. Matveev exprime
que les invariants de degre 0 onident ave les invariants du premier nombre












(M) designe le sous-groupe de torsion du
premier groupe d'homologie a oeÆients entiers H
1
(M).
Maintenant, si (M;) est une 3-variete fermee orientee munie d'une Spin-struture,






Q=Z au-dessus de 
M
,
ainsi que son invariant de Rohlin R(M;) 2 Z
16
. Nous montrons le raÆnement









) des Spin-varietes fermees de dimen-
sion 3. Les assertions suivantes sont alors equivalentes :




) ne sont pas distinguees par les invariants de degre 0 ;








































L'equivalene entre les assertions (2) et (3) du Theoreme 1 est obtenue omme un













Q=Z des formes quadratiques
non-degenerees sur des groupes abeliens nis. Les assertions suivantes sont alors
equivalentes :





tel que q = q
0
Æ  ;



















est la forme bilineaire symetrique assoiee a q, denie par b
q
(x; y) = q(x +
y)  q(x)   q(y), et  (q) designe la somme de Gauss de la forme quadratique q.
Nous demontrons aussi que l'invariant de Rohlin (non-reduit) est de degre 1,
assurant ainsi la non-trivialite de la theorie raÆnee par rapport a la theorie brute
en degres 0 et 1.
  
Le troisieme hapitre reprend la publiation [MM℄, qui est un travail om-
mun ave J.-B. Meilhan. Nous y etudions les ylindres d'homologie au-dessus
de surfaes ompates orientees.
INTRODUCTION 9
Si  est une surfae ompate orientee, un ylindre d'homologie au-dessus de  est
un obordisme d'homologie au-dessus de  ave une ondition supplementaire de
trivialite homologique. Les ylindres d'homologies sont d'une grande importane
aussi bien dans les travaux de Goussarov que dans eux de Habiro. Pour l'un, les
ylindres d'homologie doivent e^tre des \objets modeles" dans la theorie d'invariants
de type ni. Pour l'autre, les ylindres d'homologie sur la surfae  doivent aider
a la omprehension de son mapping lass group ; ils forment en eet un monode
dans lequel se plonge le groupe de Torelli de .
Dans e hapitre, nous nous interessons au as ou  est une surfae ompate
orientee sans bord, ou ave une seule omposante de bord. Gra^e a des extensions
aux ylindres d'homologie du premier homomorphisme de Johnson et des homo-
morphismes de Birman-Craggs (denis originellement sur le groupe de Torelli de





eme 3. Soit  une surfae ompate orientee ave au plus 1 omposante
de bord et soient M , M
0
deux ylindres d'homologie au-dessus de . Alors M et
M
0
ne sont pas distingues par les invariants de type ni de degre 1 si, et seulement
si, ils ne sont distingues ni par le premier homomorphisme de Johnson, ni par les
homomorphismes de Birman-Craggs.
Ce resultat est a rapproher du theoreme de Johnson sur la struture de l'abeliani-
sation du groupe de Torelli de .
La preuve utilise notamment le raÆnement Spin de la theorie de Goussarov-Habiro
et illustre bien en e sens l'apport de la theorie raÆnee a l'etude de la theorie
brute (au moins pour les invariants de degre 1). En partiulier, nous donnons une
interpretation diagrammatique des homomorphismes de Birman-Craggs, basee sur
un systeme de poids pour l'invariant de Rohlin.
  
Le quatrieme hapitre est onstitue de la prepubliation [DM℄, erite en ol-
laboration ave F. Deloup. Celle-i est onsaree a l'etude du ro^le joue par les
fontions quadratiques dans la topologie des varietes fermees orientees de dimension
3, et s'interesse ainsi au raÆnement Spin

de la theorie de Goussarov-Habiro.















assoiant a toute Spin

































La fontion quadratique 
M;
n'est pas neessairement une forme quadratique
(elle n'est pas neessairement homogene). En revanhe, si  provient d'une Spin-




(M), qui peut ne pas e^tre
injetive ni surjetive, elle onide ave la forme quadratique sus-mentionnee.
Ayant au prealable raÆne le theoreme de Kirby aux Spin

-varietes fermees
de dimension 3, nous avons deni la fontion quadratique 
M;
a partir d'une
presentation hirurgiale de (M;). Gra^e aux formules de hirurgies pour la torsion






eme 5. Si (M;) est une sphere d'homologie rationnelle munie d'une
struture spinorielle omplexe, alors sa fontion quadratique 
M;
est determinee
par sa torsion abelienne maximale de Reidemeister-Turaev : (M;) 2 Q [H
1
(M)℄.
Nous donnons aussi une denition intrinseque pour 
M;
(i.e. ne faisant pas referen-
e a la dimension 4) lorsque  est regardee omme une struture d'Euler geometrique.
Nous araterisons enn les invariants de degre 0 du raÆnement Spin

de la












-varietes fermees de dimen-
sion 3. Les assertions suivantes sont alors equivalentes :




) ne sont pas distinguees par les invariants de degre 0 ;





















































{ si s et s
0
sont des setions des homomorphismes de Bokstein B
pour respetivement M et M
0





























alors :  (
M;








Ii, () 2 H
2
(M) est la lasse de Chern de la Spin

-struture  et P designe un











est l'isomorphisme dual de  pour les formes d'intersetion de M et M
0
.
L'equivalene entre les assertions (2) et (3) du Theoreme 6 se prouve a partir de la













Q=Z des fontions quadratiques
non-degenerees sur des groupes abeliens nis. Les assertions suivantes sont alors
equivalentes :





tel que q = q
0
Æ  ;
























2 Hom (G;Q=Z) est le defaut d'homogeneite de q deni par d
q
(x) = q(x) 
q( x) pour tout x 2 G.
  
Dans le inquieme et dernier hapitre de ette these, nous nous interessons aux
torsions abeliennes de Reidemeister, telles qu'elles ont ete raÆnees par Turaev.
On rappelle, lors des premieres pages de e hapitre, omment assoier a toute
Spin


















) s'obtient en twistant (M;) le long d'une
surfae fermee onnexe sindante S par un element h du groupe de Torelli de S
(tel que ela aura ete deni au Chap. 1), nous evaluons la variation de torsion. En







) = C  
'
(M;). Ce sa-
laire C n'est identie qu'a un fateur multipliatif pres dans ' (H
1
(M)). Il depend
notamment de la representation de Magnus M(h) 2 GL
2g
(Z) du dieomorphisme
h. Sous ertaines onditions sur le orps F et l'homomorphisme ', le salaire C est





eme 8. Si h agit trivialement sur le deuxieme quotient resoluble du
groupe 
1








) = C  
'
(M;) 2 F;
ou C 2 ' (H
1
(M)) est une onstante independante de , qui est egale a 1 sous
ertaines onditions sur le orps F et sur l'homomorphisme '.
Enn, nous restreignons le alul de lovers en ne onsiderant plus que les lo-
vers boules. C'est une restrition forte puisque J. Levine a montre que la hirurgie
le long d'un lover boule preserve la lasse de obordisme d'homologie de la 3-
variete.
Nous deduisons de e qui preede une formule expliite derivant omment varient
les torsions abeliennes de Reidemeister-Turaev lors d'un tel mouvement hirurgial.
Nous montrons alors que es torsions, vis-a-vis de es mouvements, sont multipli-




















soit boule. Pour toute  2 Spin

(M),








































ou C 2 ' (H
1
(M)) est une onstante independante de , qui est egale a 1 sous
ertaines onditions sur le orps F et sur l'homomorphisme '.
  
Pour la leture de ette these, notons que les dierentes parties sont assez
independantes les unes des autres et peuvent don e^tre lues separement. Des resultats
et des denitions appartenant aux hapitres numerotes 2 et 4 ont ainsi ete repro-
duits au Chap. 1.




RaÆnements spinoriels de la theorie d'invariants
de type ni de Goussarov-Habiro
1. Rappels sur la theorie de Goussarov-Habiro
Nous rappelons ii les notions essentielles de la theorie d'invariants de type
ni deouverte independamment par Mikhail Goussarov et Kazuo Habiro. Cette
theorie se araterise hez haun des deux auteurs par la mise en plae d'un alul
topologique, appele respetivement alul de lovers dans [GGP℄, et aluls de
laspers dans [Hr℄. Ces tehniques alulatoires sont toutes deux derivees du alul
hirurgial de Kirby, et sont en fait essentiellement equivalentes.
Conventions 1.1. Dans e travail, nous adoptons la terminologie et les onven-
tions de [GGP℄.
En outre, nous restreignons nos rappels a l'etude des 3-varietes, alors que la
theorie de Goussarov-Habiro s'applique aussi aux entrelas de es dernieres.
Conventions 1.2. Dans ette setion, les 3-varietes sont supposees lisses, om-
pates et orientees.
1.1. Calul de lovers.
1.1.1. Y -graphes et Y -hirurgies. Le mouvement elementaire a partir duquel
est denie la theorie de Goussarov-Habiro pour les 3-varietes, est la Y -hirurgie
denie dans [Go℄.
Definition 1.3. Un Y -graphe G dans une 3-varieteM est le plongement non-
oriente, dans son interieur, de la surfae dessinee sur la Figure 1.1. Cette surfae




















Un Y -graphe G dans M determine, a isotopie pres, un plongement positif du







d'image un voisinage regulier N(G) de G dans M .
Definition 1.4. La 3-variete obtenue de M par Y -hirurgie le long de G est :
M
G












est le orps en anses hirurgise sur l'entrelas en bande
1
a six omposantes
L de la Figure 1.2. On appelle Y -equivalene, la relation d'equivalene parmi les
3-varietes engendree par les Y -hirurgies et les dieomorphismes positifs.
Notons que la variete M
G









On utilise la onvention du tableau.
13
14 1. RAFFINEMENTS SPINORIELS DE LA TH

EORIE DE GOUSSAROV-HABIRO
Une des 3 feuilles
Le sommet
Un des 3 côtés
Fig. 1.1 { Surfae sous-jaente a un Y-graphe.
L
Fig. 1.2 { La signiation de hirurgie d'un Y -graphe.
Remarque 1.5. Une Y -hirurgie equivaut a une hirurgie Borromeenne telle
que denie par Matveev dans [Mt℄. On en deduit
2
en partiulier l'existene d'un














appele dieomorphisme Borromeen, qui agit trivialement en homologie et tel qu'il












xant point par point M n int (N(G)).
1.1.2. Clovers et Y
k
-hirurgies. Les Y -graphes peuvent e^tre generalises aux lo-
vers denis dans [GGP℄.
Definition 1.6. Un lover G dans une 3-variete M est le plongement non-
oriente, dans son interieur, d'une surfae deomposee en sous-surfaes appelees
2
Le leteur pourra trouver une justiation detaillee de es faits au Chapitre 2 : Lemme 2.7
et Remarque 2.8.
1. RAPPELS SUR LA TH





















). Le orps du lover G
est le omplementaire des feuilles dans la surfae. On demande alors que :
{ le orps soit l'epaississement d'un graphe unitrivalent, faisant orrespondre
respetivement les sommets et o^tes de la surfae, aux sommets trivalents et
o^tes de e graphe ;
{ la surfae s'obtient par reollement du orps ave les feuilles le long de
l'epaississement des sommets univalents ;
{ la surfae possede au moins un sommet.
Le degre du lover G est le nombre de ses sommets : on le note deg(G)  1. Le degre
de boules du lover G est le rang du groupe fondamental de son orps (e-dernier
etant un groupe libre) : on le note l-deg(G)  0.
Exemple 1.7. Un lover de degre 1 et de degre de boules 0 n'est autre qu'un
Y -graphe.
Un lover est don avant tout une surfae plongee dans une variete de di-
mension 3. Il s'obtient par epaississement d'un objet 1-dimensionnel (son orps
etant par denition l'epaississement d'un graphe unitrivalent, et les feuilles etant
l'epaississement de erles). En partiulier, pour dessiner un lover (dans S
3
ou
dans le orps en anses H
g
), on peut adopter la onvention du tableau : nous ne
dessinerons que es objets 1-dimensionnels, qui devront e^tre epaissis mentalement
dans le plan de la feuille. De plus, les sommets du lover seront dessines en gras
an de les distinguer d'un point d'intersetion \feuille/o^te".
Exemple 1.8. Est represente sur la Figure 1.3 un lover G dans H
4
. Son degre
est 4 et son degre de boules est 2 (noter en eet la presene d'un o^te boule).




Fig. 1.3 { Un exemple de lover.
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Soit G un lover de degre d dans une 3-variete M . On note alors :
Y (G) M;
la reunion disjointe des d Y -graphes ontenus dans un voisinage regulierN(G) de G
dans M , et obtenus de G en modiant haque o^te joignant deux sommets, suivant
la regle illustree sur la Figure 1.4.
Fig. 1.4 { Fission d'un lover.
Definition 1.9. La 3-variete obtenue de M par hirurgie le long du lover G,
notee M
G
, est la variete M hirurgisee sur haun des Y -graphes que ompte la
famille Y (G).
Pour k  1, une Y
k
-hirurgie est une hirurgie sur un lover de degre k. On ap-
pelle Y
k
-equivalene la relation d'equivalene parmi les 3-varietes engendree par les
dieomorphismes positifs et les Y
k
-hirurgies.
Notons que la varieteM
G






Observons aussi que, lorsque M est non-vide, la hirurgie sur le lover G induit











des lovers dans une 3-variete M . On dit








, s'il existe un orps en




, et s'il existe










appele equivalene de lovers, dont la














































(M n int(H)) [ H
G
i














Le alul de lovers est un orpus de regles de alul qui, exprimees diagramma-
tiquement, enonent des equivalenes de lovers. Le alul de lovers permet don
demontrer l'existene de dieomorphismes positifs entre 3-varietes lorsque elles-i
sont presentees par hirurgie le long de lovers. Le leteur desireux de deouvrir
ette tehnique est renvoye a [GGP℄ ou a [Hr℄. L'exemple suivant est donne a titre
d'illustration.
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Exemple 1.11. Tout lover de degre 2 est equivalent a un lover de degre 1
suivant la regle de la Figure 1.5 (f. [Hr, Prop. 2.5, Move 10℄ ou [GGP, Preuve du
Th. 3.1℄). En partiulier, la relation de Y
k+1




Fig. 1.5 { Une equivalene de lovers.
1.2. Invariants de type ni au sens de Goussarov et Habiro. Fixons
M
0
une lasse de Y -equivalene de 3-varietes. On note alors :
(1.1) F(M
0
) = Z M
0
le groupe abelien librement engendre par les 3-varietes M appartenant a M
0
.
Si M est un element de M
0
et si   y est une famille de lovers G
i
deux a deux
















ou la somme alternee est prise sur toutes les parties  
0
de  , de ? a  , et ou M
 
0
designe la variete obtenue de M par hirurgie le long de haun des lovers de la
sous-famille  
0
. Une telle famille  , en plus de son ardinal j j, possede un degre
deg( ) deni omme la somme des degres de ses elements. Pour des entiers l  k,








) = h [M; ℄ : M 2 M
0





) = h [M; ℄ : M 2 M
0





) = h [M; ℄ : M 2 M
0
; j j = l i :

























Pour des entiers 1  l  l
0
 k  k
0



































De plus, si   est une famille de Y -graphes de M deux a deux disjoints et disjoints
d'un Y -graphe G dans M on obtient formellement ette egalite :
[M;  [ fGg℄ = [M; ℄  [M
G
; ℄:































)    
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Nous pouvons maintenant enoner la notion d'invariant de type ni selon Goussarov
et Habiro :





































don M et M
0
ne sont pas distinguees par les invariants de type ni de degre k.
Pour A un groupe abelien xe, l'espae des invariantsM
0
-
A de degre au

























L'examen de la theorie d'invariants de type ni de Goussarov-Habiro se sinde don
en deux parties de natures tres dierentes :
(1) reonna^tre les lasses de Y -equivalene,
(2) pour haque lasse de Y -equivalene M
0










Dans le as de varietes fermees, le probleme (1) de la araterisation des invariants
de degre 0 est ompletement resolu. En eet, omme mentionne dans la Remarque
1.5, la Y -equivalene est engendree par les hirurgies Borromeennes de Matveev.





eme 1.14 (Matveev, [Mt℄). Soient M et M
0
des 3-varietes fermees
onnexes. Alors, M et M
0










) qui fasse orrespondre leurs formes


































Le probleme de la araterisation de la Y -equivalene est ainsi ramene a elui
de la lassiation des formes bilineaires symetriques non-degenerees sur les groupes
abeliens nis. Cette derniere, initiee par Minkowski, a ete entreprise par Wall dans
[W1℄ et ahevee par Kawauhi et Kojima dans [KK℄.
2. Strutures Spin et Spin

sur les 3-varietes
Apres une presentation des Spin-strutures et des Spin

-strutures, nous nous
attaquons dans ette setion au deliat probleme du reollement de es strutures,
lequel probleme neessite la prise en ompte de versions \rigides" de es strutures.
Conventions 2.1. Si G est un groupe abelien, un G-espae aÆne (ou espae
aÆne au-dessus de G) sera un ensemble sur lequel G agit librement et transitive-
ment. Pour es ations, la notation multipliative a gauhe sera adoptee.
De plus, TG designera le sous-groupe de torsion du groupe G.







Conventions 2.2. Pour les bres, nous onviendrons que :
{ les bres vetoriels sont stabilises par la gauhe ;





{ si F est un morphisme de bres, l'appliation sous-jaente pour les espaes
bases sera notee ave la lettre de bas de asse orrespondante f .
Conventions 2.3. Conernant les varietes, nous onviendrons que :
{ les varietes prises en ompte sont lisses, ompates et orientees, et les dieo-
morphismes entre-elles sont supposes preserver les orientations ;
{ la variete obtenue de M par inversion de son orientation sera notee  M ;
{ si M est une variete a bord, M est oriente ave la onvention du \premier
veteur normal sortant" ;




) designera son bre tangent oriente (resp.
stable) et, lorsqueM sera equipee d'une metrique, nous noterons FM le bre
de ses reperes orthonormes direts.
2.1. Generalites sur les strutures Spin et Spin

. La presentation gene-
rale qui suit des strutures spinorielles est tiree de [BM℄ ; mutatis mutandis on
obtient elle des strutures spinorielles omplexes.
2.1.1. Groupes spinoriel et spinoriel omplexe. Le groupe spinoriel Spin est le












et le groupe spinoriel omplexe Spin











est le sous-groupe engendre par [( 1; 1)℄ ; d'ou ette autre suite exate






























le bre vetoriel oriente universel sur BSO, 
Spin
son pull-bak
par B et 
Spin

son pull-bak par B.
De faon analogue, pour n  1, on denit a partir de SO(n), le groupe Spin(n)
puis le groupe Spin

(n).
2.1.2. Strutures absolues. Soit maintenantM une variete de dimension n (sans
metrique speiee).






. Une Spin-struture (ou struture spinorielle) sur
M est une lasse d'homotopie de Spin-struture rigides.
On notera Spin(M) l'ensemble des Spin-strutures surM , et Spin
r
(M) l'ensemble
des Spin-strutures rigides sur M .
Definition 2.5. On denit similairement Spin

r
(M) l'ensemble des Spin

-
strutures rigides sur M , et Spin

(M) l'ensemble des Spin

-strutures (ou stru-
tures spinorielles omplexes) sur M .
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Dans la suite, la lettre  designera un homomorphisme de Bokstein assoie a












On rappelle maintenant les resultats onernant l'existene et le parametrage de
es strutures spinorielles.
Proposition 2.6. La variete M admet une Spin-struture si et seulement si













La variete M admet une Spin







est nulle, auquel as Spin








































est alors un relevement
de f par B. Par onstrution de 
Spin

, la donnee d'une Spin

-struture rigide G







est un morphisme de bres vetoriels orientes,
(2) g est un relevement de f par B.
Ainsi, se donner une Spin

-struture sur M revient a se donner une lasse d'homo-
topie d'un tel ouple (F; g).








est onnexe par ars et ontratile (voir par exemple [Hu, Ch. 7, Prop. 3.3℄ et
[Hu, Ch.7, Th. 3.4℄). On peut alors deduire de es deux faits que se donner une
Spin

-struture sur M revient a se donner un relevement g de f par B, a ho-
motopie pres de relevements. Cette observation tres utile nous invite a appliquer




BSO. C'est une bra-





(BSO). L'enone de la proposition dans le as Spin

en deoule.
Dans le as Spin, la bration est BSpin
B
-












Le lemme suivant nous assure que nos denitions numerotees 2.4 et 2.5 s'a-




Lemme 2.7. Supposons que M est munie d'une metrique riemannienne. La
donnee d'une Spin-struture sur M est alors equivalente a une double donnee





FM est un isomorphisme de SO(n)-bres prinipaux.
De me^me, se donner une Spin

-struture sur M equivaut a se donner un ouple
(;H), a isomorphisme pres, ou  est un Spin





FM est un isomorphisme de SO(n)-bres prinipaux.









emonstration. Interessons-nous par exemple au as Spin

, le traitement
du as Spin etant formellement le me^me. Soit (;H) omme dans l'enone : mon-
trons que e ouple determine une Spin

-struture rigide G sur M , en montrant
qu'il determine une donnee equivalente (F; g), telle que derite dans la preuve de































; en omposant ave
H
 1















On pose g := ~g, induite par
~
G au niveau des espaes bases. Alors, l'assignation
(;H)
-




2.1.3. Strutures relatives. Soit M une n-variete a bord. Ayant onvenu de sta-
biliser les bres vetoriels par la gauhe et d'orienter les bords ave la regle du
premier veteur normal sortant, 
M




, d'ou des ap-


















Definition 2.8. Pour s 2 Spin
r
(M) xee, une Spin-struture sur M relative
a s est une lasse d'homotopie rel M de Spin-strutures rigides sur M etendant
s ; on note Spin(M; s) l'ensemble de es strutures relatives.
De me^me, pour s 2 Spin

r
(M) xee, on denit l'ensemble Spin

(M; s) des Spin

-
strutures sur M relatives a s.
La theorie d'obstrution peut e^tre appliquee pour obtenir et analogue relatif
de la Proposition 2.6 :
Proposition 2.9. Soit s 2 Spin
r
(M) xee. Alors, s peut e^tre etendue a M
si et seulement si une ertaine lasse :
w
2









)-espae aÆne. En outre, la
restrition de w
2







De me^me, pour s 2 Spin

r
(M) xee, s peut e^tre etendue a M si et seulement si
une ertaine lasse :
w(M; s) 2 H
3
(M;M)
s'annule, auquel as Spin

(M; s) est un H
2
(M;M)-espae aÆne. En outre, la































dans la diretion de la premiere stabilisation.
Supposons maintenant M 6= ? et soit s 2 Spin

r
(M). Faisons le hoix d'une
setion non-singuliere v de 
M
etendant le hamp de veteurs normal sortant sur
M (un tel v existe et est unique a homotopie relative pres). En omposant ave la




dans la diretion de v, on obtient une ehe














(M;M)-equivariante. Le as des Spin-strutures est analogue.
2.1.5. De Spin a Spin

















ou la ehe  est denie par (x) = [(x; 1)℄. Alors, B = B Æ B au niveau des






, deni de la
faon evidente.

























Si maintenant M est une variete de bord non-vide et si s 2 Spin
r


















2.1.6. Classes de Chern. Soit M une n-variete et soit  2 Spin

(M). Alors










-struture , prise omme dans le Lemme 2.7, determine (a
isomorphisme pres) un U(1)-bre prinipal : soit () sa premiere lasse de Chern.
Definition 2.10. La lasse () 2 H
2
(M) est appelee lasse de Chern de la
Spin





-struture  est dite de torsion.





















Don,  2 Spin

(M) provient de Spin(M) par l'appliation  denie au x2.1.5 si
et seulement si () = 0.
2.2. Strutures en dimension 3. A partir de maintenant, nous traitons le
as speique de la dimension 3. Si M est une variete (ompate lisse orientee)
de dimension 3, alors w
2




2.2.1. Groupes spinoriels en dimension 3. Dans e paragraphe, nous rappelons
les isomorphismes Spin(3) ' SU(2) et Spin

(3) ' U(2) en faisant des operations
quaternioniques.
Soit don H le orps des quaternions :
H = fq = a+ b  i+   j + d  k : a; b; ; d 2 Rg
et notons R
3
le sous-espae des quaternions purs R
3
= R i+R j+R k. Le groupe
des quaternions unitaires : S
3









s'identie a SU(2) par :
q = a+ b:i+ :j + d:k
-

a+ b:i  d+ :i




On rappelle que la notation multipliative a ete adoptee pour les ations aÆnes.







On denit alors l'homorphisme SU(2)

-
SO(3), qui envoie un quaternion uni-












 est un reve^tement a deux feuilles de SO(3), on peut don poser :
Spin(3) = SU(2):

















x2.1.5) orrespond a l'inlusion standard SU(2)

-
U(2). La suite exate ourte
mettant en jeu les groupes U(1), Spin















































Ii, SO(2) s'injete dans SO(3) par A
-






emonstration. Soit z = e
i




















Mais, A s'identie au quaternion pur : q = os(=2) + sin(=2)  i. On alule alors
que :
q  (bi+ j + dk)  q
 1












24 1. RAFFINEMENTS SPINORIELS DE LA TH

EORIE DE GOUSSAROV-HABIRO
2.2.2. Strutures relatives en dimension 3. Nous avons introduit plus haut les
Spin-strutures rigides et les Spin

-strutures rigides. Ces strutures rigides ap-
paraissent naturellement ave la theorie d'homotopie, mais n'ont ependant pas
d'existene legitime d'un point de vue geometrique. Ce manque de legitimite va
don se ressentir aussi pour les strutures relatives et les notions qui s'y referent.
Dans e paragraphe, nous orrigeons partiellement e defaut en dimension 3, et












































Definition 2.15. Le Theoreme 2.14 nous permet d'assoier a toute 3-variete










Exemple 2.16. Interessons-nous au as partiulier ou M est une reunion
disjointe de tores. Le tore T
2
a une struture spinorielle preferee : elle induite par
sa struture de groupe de Lie, nous la noterons 
0











) donne par la
Denition 2.15 est en bijetion anonique ave l'espae de Spin

-strutures relatives














etendre la Spin-struture rigide s
i












) est l'obstrution denie par la Proposition 2.9. On en deduit que
w(M;s
i
) est d'ordre au plus 2 et que don elle s'annule.




































est identie ave 
M














par la formule de reollement : 
s
([u℄) = [u [ s℄, ou u est une Spin

-struture
rigide sur M etendant (s
0
) (nous identions ii M ave son \debordement" M [



























. L'image de l'appliation
Spin(M  I; ( s
0







(M  I; ( s
0
) 0 [ (s
1
) 1)
est un singleton, puisqu'elle est aÆne au-dessus de :
H
1







(M  I; M  I)







qui est triviale vu que son odomaine est isomorphe au groupe H
1
(M) libre de
torsion. On en deduit que que les Spin

-strutures rigides s et s
0
sur M  I






Dans le as Spin, les strutures relatives que nous retiendrons in ne, seront
les suivantes.
Definition 2.17. Soient M une 3-variete de bord non-vide et  2 Spin(M)
telle que w
2





Spin(M;) := f 2 Spin(M) : j
M
= g :
est appele l'espae des strutures spinorielles sur M relatives a .
Lemme 2.18. Soient M une 3-variete de bord non-vide,  2 Spin(M) telle que
w
2












) le onnetant assoie a la paire
(M;M). Alors :
(1) Spin(M;) est un Coker(Æ

)-espae aÆne s'identiant anoniquement a
Spin(M; s)=Im(Æ

) pour toute s 2 Spin
r
(M) representant  ;





-espae aÆne s'identiant anoniquement a Spin(M; s) pour toute s 2
Spin
r
(M) representant  ;







































on deduit que Coker(Æ





). L'ation aÆne de Coker(Æ

)




) sur Spin(M). Ensuite,
l'appliation anonique Spin(M; s)
-
Spin(M) a pour image Spin(M;) et est












). Spin(M;) s'identie don
































et par le fait que H
1
(M) est libre de torsion, on deduit que  (Im(Æ

)) = 0.

















(M;M), induit une appliation
equivariante entre Spin(M;) et Spin

(M;), prouvant ainsi (3). 
2.2.3. Spin

-strutures omme hamps de veteurs : le as ferme. Soit M une
variete fermee de dimension 3. Turaev a derit dans [T5℄ omment, en dimension
3, les Spin

-strutures pouvaient e^tre identiees ave ertaines lasses d'homotopie
de hamps de veteurs tangents a la varieteM . Nous rappelons ii ette orrespon-
dane.
26 1. RAFFINEMENTS SPINORIELS DE LA TH

EORIE DE GOUSSAROV-HABIRO
Definition 2.19 (Turaev, [T4℄). Une struture d'Euler geometrique surM est
un hamp de veteurs non-singulier surM , a homotopie epointee pres. Preisement,
deux hamps de veteurs v et v
0
sont onsideres omme equivalents, lorsqu'il existe
un point x de M tel que les restritions de v et v
0
sur M nx sont homotopes parmi
les hamps de veteurs non-singuliers sur M n x. On note :
V et(M)
l'ensemble des strutures d'Euler geometriques sur M .
Si une deomposition ellulaire deM est donnee, la relation d'homotopie epoin-
tee oinide ave la relation d'homotopie sur le 2-squelette de M . De la theorie
d'obstrution, on deduit que V et(M) est non-vide (vu que (M) = 0) et que
V et(M) est un H
2
(M)-espae aÆne.














emonstration. Soit v un hamp de veteurs non-singulier surM . Munissons
M d'une metrique riemannienne. Remarquons tout d'abord que v determine une




le Lemme 2.13 : ette redution est Fv
?
, le bre des reperes orthonormes direts
du bre vetoriel v
?
, lorsque elui-i est oriente ave la regle de la main droite
(v=poue droit). Alors, par l'homomorphisme SO(2)
-
U(2) du Lemme 2.13,
Fv
?
denit un U(2)-bre prinipal . D'apres e me^me lemme, e U(2)-bre peut-




et denit don (d'apres le Lemme 2.7) une Spin

-struture sur M . Celle-i ne
depend que de la lasse d'homotopie epointee de v : ainsi est denie h
M
([v℄).







est don en partiulier bijetive. 
On denit une involution de V et(M) en assoiant a toute struture d'Euler
geometrique  = [v℄ la struture 
 1
:= [ v℄. Nous rappelons que nous avons
onvenu de noter multipliativement les ations aÆnes.

























()), sont toutes deux aÆnes au-dessus de
l'appliation arre (d'apres respetivement [T4, Th. 5.3.1℄ et la Remarque 2.11). Il
suÆt don de montrer l'impliation suivante :
(2.2) (  (h
M







Munissons M d'une metrique. D'apres la Remarque 2.12, la lasse d'isomorphisme















. Don, la lasse  (h
M
()) est l'obs-
trution pour trouver une setion non-singuliere de T
M
transverse a v. On en deduit
que l'assertion (2.2) est vraie. 
Dans ette derniere preuve, il appara^t que l'image de Spin(M) dans Spin

(M)
orrespond aux strutures d'Euler  = [v℄ pour lesquelles il existe un hamp de
veteurs non-singulier transverse a v. Preisons e fait.







Definition 2.22. Nous noterons :
Parall(M)
l'ensemble des parallelisations de M , onsiderees a homotopie epointee pres.







bre vetoriel oriente T
M
. En dimension  3, l'espae des trivialisations de T
M
sur
le 1-squelette deM , qui ont la propriete de s'etendre au 2-squelette, et onsiderees a





et peut e^tre mis en orrespondane anonique ave Spin(M) (voir [Ki, Chap. 4℄).
Puisque 
2
(SO(3)) = 0, nous obtenons :












emonstration. La preuve est similaire a elle du Lemme 2.20. Munissons
M d'une metrique riemannienne. Soit e une trivialisation de T
M
, e e determine
une redution de FM au groupe trivial 1

-
SU(2), et permet don de onstruire





FM . La Spin-struture orrespondante (donnee par le Lemme
2.7) sur M ne depend que de la lasse d'homotopie epointee de e, et est retenue
pour e^tre h
M







)-equivariante, et est don en partiulier bijetive. 
En posant ([e℄) = [e
1






) est une parallelisation de M , on





Il deoule alors diretement des denitions que :






















(M) a ete denie en 2.1.5.
2.2.4. Spin

-strutures omme hamps de veteurs : le as a bord. Nous sou-
haitons maintenant denir des strutures d'Euler geometriques pour les varietes a
bord et donner ainsi une version relative du Lemme 2.20 mettant en jeu les Spin

-
strutures relatives introduites dans la Denition 2.15.
D'une part, le preedent paragraphe, pluto^t qu'a la variete fermee M , etait en
fait relatif a son bre tangent T
M
, et vaut pour n'importe quel bre vetoriel reel
oriente de dimension 3. En partiulier, si S est une surfae fermee, il s'applique au











elui des trivialisations de e bre vetoriel oriente, toutes etant en ette dimen-
sion onsiderees a homotopie pres sur S. La theorie d'obstrution nous dit qu'ils
sont respetivement des espaes aÆnes au-dessus de H
2
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Enn, l'analogue du Lemme 2.24 met en relation es deux isomorphismes.









([v℄) sur S, dont la lasse de Chern est egale a la lasse d'Euler e(S)








pour une metrique produit).
D'autre part, on peut parler de strutures rigides pour n'importe quel type de
strutures denies omme des lasses d'homotopie d'appliations. Il y a ainsi des
versions rigides de V et(N) et de Parall(N), lorsque N = M pour une 3-variete
M ou lorsque N = S
st
pour une surfae S. Ces versions rigides sont notees ave la
deoration \r" en indie inferieur.













, on sait denir :
V et(M; v)
l'espae des strutures d'Euler geometriques sur M relatives a v. Cet espae est
vide ou bien est un H
2
(M;M)-espae aÆne. Le theoreme suivant se prouve alors































, qu'on suppose homotopes. Alors,









peuvent e^tre etendues a toute la















Definition 2.27. Le Theoreme 2.26 nous permet don d'assoier a toute 3-











D'ou ette version relative du Lemme 2.20 qui se prouve de faon similaire :
Lemme 2.28. Soit M une 3-variete a bord et soit  2 Parall((M)
st
). Il existe










2.2.5. Classes de Chern relatives. Nous donnons maintenant un analogue relatif
des lasses de Chern de Spin

-strutures (rappelees au x2.1.6).

















Definition 2.30. Pour  2 Spin






On rappelle que la notation multipliative a ete adoptee pour les ations aÆnes.




















(puis appliquer le Lemme 2.28).










representant  et soit  2
V et(M; e
1
) represente par v : v est un hamp de veteurs non-singulier sur M dont
la restrition a M onide ave e
1
. Le hamp de veteurs e
2
est une setion non-
singuliere de T
M
transverse a v denie sur M . On denit alors () omme etant la
premiere obstrution pour etendre e
2
a une setion de T
M
transverse a v. On obtient








est un autre representant







(M;M) obtenue similairement onide
ave la preedente via l'isomorphisme 
e;e
0
du Theoreme 2.26. On onlut a la bonne
denition de l'appliation .
Soit maintenant x 2 H
2





(M) est represente par le noeud lisse oriente L  int(M). Alors, omme
dans le as ferme, on montre que la struture d'Euler geometrique x est represente
par un hamp de veteurs w obtenu de v par turbulentisation de Reeb le long de
L (voir [T4, x5.2℄ ou [T8, x1.1℄). Par un alul diret d'obstrution dans la 3-
variete orienteeM (protant de la dualite de Poinare), on montre a partir de ette
desription onrete de w que ([w℄) = x
2
 ([v℄). 
Remarque 2.31. Pour  2 Spin

(M;), sa lasse de Chern () s'annule si et
seulement si  provient de Spin(M;).




























































































)). Le lemme est don
une instane de la naturalite des obstrutions. 
On se propose maintenant de aluler modulo 2 es lasses de Chern rela-









munie de la Spin-struture induite par sa struture de groupe
de Lie (voir [Ki, p. 35, 36℄). Pour une surfae fermee S, Johnson derit dans [J1℄








entre les strutures spinorielles de S et les formes quadratiques assoiees a sa forme











































le onnetant de la paire (M;M).













l'obstrution pour etendre  a toute la variete M . Soit  une surfae onnexe
immergee dans M telle que  = M \,  n'a pas de singularite et  represente
la redution modulo 2 de y. Alors, < (); y >=< w
2





) ; [℄ > modulo 2, don est l'obstrution pour etendre la Spin-
struture j

a toute la surfae . Puisque la surfae  est onnexe, ette derniere













(y)) modulo 2. 
Exemple 2.34. Supposons que M est une 3-variete de bord une reunion dis-









ette parallelisation preferee du tore
orrespondant a sa Spin-struture preferee 
0
(denie dans l'Exemple 2.16). Alors,




, telles qu'introduites dans la Denition
2.27, orrespondent aux strutures d'Euler relatives denies par Turaev dans [T4,
x5.1℄ ou dans [T8, x1.1℄. En partiulier, le Lemme 2.33 est une generalisation de
[T8, Lemme 1.3℄.
2.3. Reollement de strutures. Comme annone, nous proposons mainte-
nant des tehniques de reollement pour les Spin-strutures et les Spin

-strutures.







































dans M sera notee j
i
.
2.3.1. Reollement de Spin

-strutures.





























































































































peuvent e^tre reollees gra^e a f : on obtient une Spin

-



















Montrons que l'appliation [
f
, ainsi denie, est eetivement aÆne.






























se orrespondent par f . Pour i = 1 ou 2, on note C

i










: un simplex de C
est un simplex de C
i
, les simplex de S
1
etant identies ave eux de S
2
par f . On
onstitue d'autre part le reollement C










est une ellule de C

i
qui ne touhe pas S
i
, ou bien est le reollement
par f d'une ellule de C

1
ave une ellule de C

2
le long de faes ontenues dans S
i
.
Alors, C est une triangulation de M et C

est sa deomposition ellulaire duale. La


















































































le 1-squelette de C
i
(ainsi que, bien su^r, sur M
i







, et, omme dans la preuve de la Proposition 2.6, nous
identions la struture rigide a
i





























































































representent respetivement  et 
0
.
De faon similaire, en utilisant es strutures rigides, on peut derire un 2-oyle
representant =
0



































En dimension 3, nous travaillerons ave les Spin

-strutures relatives a des
strutures spinorielles (telles qu'introduites dans la Denition 2.15). Voii le lemme
de reollement que nous pratiquerons pour les Spin

-strutures :
Corollaire 2.36. Supposons la dimension n egale a 3. Soient pour i = 1; 2,
































































































) (i = 1; 2), l'egalite suivante entre lasses de





























emonstration. D'apres le Th. 2.14, les obstrutions relatives s'annulent
dans e ontexte : la premiere assertion du orollaire est alors une appliation
direte du Lemme 2.35 et de la denition des Spin

-strutures relatives a des Spin-
strutures. La deuxieme assertion est enore un alul de reollement d'obstrutions
sur des varietes orientees (protant de la dualite de Poinare) : la preuve est similaire
a elle du Lemme 2.35. 
2.3.2. Reollement de Spin-strutures. Le lemme suivant se prouve omme le
Lemme 2.35.









































) s'annule et il















































































En pratique, nous travaillerons en dimension 3 ave les Spin-strutures relatives
introduites dans la Denition 2.17.









































































tion de restrition, alors :



















































































































. Quitte a homotoper a
2
dans sa lasse 
2
, on peut don












, et onstruire gra^e au

























). Notons que, par onstrution,
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(i = 1; 2)































































est onnexe. D'ou, 
0
=  e qui nous







3. RaÆnements spinoriels de la theorie de Goussarov-Habiro
Gra^e aux tehniques de reollement de strutures introduites dans la setion
preedente, nous allons pouvoir raÆner la theorie de Goussarov-Habiro.
Conventions 3.1. De nouveau, nous nous restreignons aux 3-varietes, que
nous supposerons lisses ompates orientees et eventuellement a bord.
3.1. Twists. On se plae dans la situation de reollement etudiee au x2.3. On














6= ? et ou T
i




















, peut-e^tre vide. L'inlusion de M
i
dans M est de nouveau
notee j
i







La 3-variete M peut e^tre modiee en la twistant le long de la surfae plongee
S
2

















groupe de Torelli de la surfae S
2
. Preisement, la 3-variete obtenue en twistant M
le long de la surfae S
2
par h 2 T (S
2

































denie par (3.1). Par un argument du type





























































34 1. RAFFINEMENTS SPINORIELS DE LA TH

EORIE DE GOUSSAROV-HABIRO
La proposition suivante aÆrme qu'un tel twist s'aompagne d'une orrespondane
anonique entre les Spin

-strutures de la variete initiale et elles de la variete
resultante.






















































), il existe alors






























































emonstration. Nous ne demontrons la proposition que dans le as ferme,
la preuve dans le as a bord etant en tous points similaire.
Pour  2 Spin

(M), 













). Comme h in-

















. D'apres le Corollaire 2.36, nous disposons don de deux applia-
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Verions maintenant que la proedure preedente denit sans equivoque 
().








































































= 0 2 H
1
(M):











































































), qui don represente 
1
. Soient





























designe ii la version rigide de l'appliation de reollement (elle du Lemme






































































) induisant une Spin


































































( H)℄ ; [H [ a
2
℄) sur . D'apres l'etude




































((V ) [H [ a
2
)℄ :
De me^me que preedemment pour M , la Spin








































(H) [ (U) [ a
2
)℄ :
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, il nous suÆt de montrer ette
egalite de Spin

-strutures relatives a des strutures spinorielles :
(3.6) [(V ) [H ℄ = [h















 I;  (S
2
 I)) n'a pas de 2-torsion, es Spin

-strutures relatives
sont determinees par leurs lasses de Chern relatives. Ayant :
 ([(U)℄) = 0 et :  ([(V )℄) = 0;




( ([H ℄)) =
 ([H ℄), l'egalite (3.6) est satisfaite d'apres la derniere assertion du Corollaire 2.36.
On onlut don a la bonne denition de l'appliation 
.
On verie maintenant que l'appliation 
 est aÆne. Soient pour ela  2
Spin

(M) et x 2 H
1





































































































































































Passons maintenant aux strutures spinorielles. Les evaluations de Kroneker






















si bien que Hom(;Z
2









































). En outre :
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b) si M 6= ? et si  2 Spin(M) est telle que w
2














































emonstration. Supposons M non-vide : la preuve dans le as M = ?,
par ailleurs plus ourte, s'en deduit aisement.
Soient  2 Spin(M) telle que w
2


















) les restritions de  (i = 1; 2).
D'apres le Corollaire 2.38, nous avons don :



























et denir () := 
0
. Le fait que  (()) = 
 (()) deoule de (3.7), (3.8), de la
denition de l'appliation 
 et de la derniere assertion du Corollaire 2.38.















) (i = 1; 2), nous avons :






























































































). Or, pour tout x 2 H
1















































































































































































= < y; x >
e qui onlut la preuve de la proposition. 
Remarque 3.4. Dans le as ou M = ?, on deduit des propositions numerotees
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 a valeur dans le sous-groupe de 2-torsion de H
1
(M). L'homomor-












 < y; x >;
ou 
M
designe la forme d'enlaement de M et ou
1
2
 est l'inlusion usuelle de Z
2





 j) = 
M












































































= D, e qui demontre la ommutativite du preedent diagramme.
3.2. Calul de lovers spinoriel. Nous sommes maintenant en mesure de
montrer que les hirurgies le long de lovers font sens pour les varietes munies de





-hirurgies spinorielles omplexes. Soient une 3-variete M et un lo-
ver G dans M . On autorise M a avoir du bord, auquel as nous xons une Spin-
struture  sur M et nous notons enore  2 Spin (M
G
) la struture orrespon-





































En outre, l'appliation 

G



























































) est dite obtenue de (M;) par
Y
k
-hirurgie spinorielle omplexe, ou Y

k
-hirurgie, le long de G.
On appelle Y
k
-equivalene spinorielle omplexe, ou Y

k
-equivalene, la relation d'equi-
valene au sein des Spin
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D

emonstration du Lemme 3.5. Tout d'abord, nous envisageons le as ou






voisinage regulier N(G) de G dans M . D'apres la Remarque 1.5, il existe un auto-




qui a la propriete d'agir trivialement en homologie et
d'e^tre tel qu'il existe un dieomorphisme :
M
G





































































pas des dierents hoix intermediaires.
Nous verions l'independane en la paire (h; f) veriant la propriete enonee






















































. Soit  2 Spin

(M). Choisissons une struture  2 Spin(
3
),




















































































Ensuite, nous verions l'independane en j. Soit j
0
une trivialisation d'un autre
voisinage regulier N
0


















Æ j = j
0
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Soit  2 Spin






























































Nous envisageons maintenant le as general ou G est un lover de degre d  1.




sont deux Y -graphes disjoints de M , il deoule alors




























Soit Y (G) = fG
1
; : : : ; G
d
g la famille assoiee au loverG de d Y -graphes, numerotes




















-hirurgies spinorielles. Soient une 3-variete M et un lover G dans
M . Le lemme suivant se demontre omme le Lemme 3.5.









Cette orrespondane est notee :  7! 
G
.
En outre, l'appliation 
G
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Enn, dans le as ou M 6= ? et si  2 Spin(M) est telle que w
2














) est dite obtenue de (M;) par Y
k
-
hirurgie spinorielle, ou Y
s
k
-hirurgie, le long de G.
On appelle Y
k
-equivalene spinorielle, ou Y
s
k
-equivalene, la relation d'equivalene











tibles entre-elles via les appliations anoniques .
3.2.3. Extension du alul de lovers. On verie dans e paragraphe que le
alul de lovers s'etend aux adres Spin et Spin

.
Lemme 3.10. Soient M une 3-variete et  2 Spin(M). Soient aussi G un lover


















emonstration. Le fait que 
G
etende eetivement la restrition de  a
M n int(H) est evident de par la denition me^me de la Y
k
-hirurgie spinorielle le
long de G. L'uniite deoule de l'injetivite de l'appliation de restrition :
Spin(M)
-
Spin (M n int(H)) ;



























) = 0. 
Remarque 3.11. L'analogue du Lemme 3.10 dans le adre Spin

ne vaut que
si le lover G est nul-homologue dans M .




deux lovers equivalents de M .

















































dont la restrition aux















le dieomorphisme induit par ette equivalene de lovers. D'apres
le Lemme 3.10, la struture 
G
i






(pour i = 1 et 2). Puisque la restrition de
~
f a M n int(H) est l'identite,











Proposition 3.13. Soit M une 3-variete ainsi que, dans le as ou M 6= ?,




deux lovers equivalents de
M et  2 Spin

(M) ou  2 Spin

(M;) suivant que M est fermee ou a bord.
























emonstration. Donnons la preuve dans le as a bord. Soit H un orps en














































Prenons aussi  2 Spin(H) telle que w
2
(H; ) = 0. L'appliation de reollement
donnee par le Corollaire 2.36 :
Spin











est surjetive vu que H est onnexe. Il existe don  2 Spin








(H; ) telles que  =  [ 
0






(M n int(H)) [H
G
i
on a aussi une appliation de reollement :
Spin





























































On peut don supposer sans restrition de generalite que :
w
2





Sous ette hypothese, on sait gra^e a la Proposition 3.12 que (3.9) est satisfaite









2 Im() et y 2 H
2
(M;M) tel que  = y  
0





(M) est l'image d'une lasse z 2 H
1
(M n int(H)) par k














l'inlusion lue dans la
deomposition (3.10). Alors, 
G
2

























































































Par onsequent, les resultats generaux de la theorie de Goussarov-Habiro qui























une lasse de Y
s





) = Z  M
s
0
le groupe abelien librement engendre sur M
s
0
. Alors, omme en x1.2, on denit
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). Le alul de lovers valant aussi dans le as Spin (par la Proposition






















sont satisfaites pour des entiers 1  l  l
0
 k  k
0

















































-varietes, qui peuvent e^tre
eventuellement a bord (auquel as les Spin

-strutures prises en ompte sont rela-
tives a des strutures spinorielles), on denit de faon analogue les invariants de
type ni spinoriels omplexes.





determine de la faon evidente





et une lasse de Y -equivaleneM
0
























Tous es homomorphismes respetent les ltrations F
k
( ). Ainsi, un invariant de
type ni de degre k determine un invariant de type ni spinoriel omplexe de degre
k, et un invariant de type ni spinoriel omplexe de degre k determine un invariant
de type ni spinoriel de degre k.
Enn, omme explique au x1.2 pour la theorie brute, l'etude de la theorie de
Goussarov-Habiro raÆnee Spin ou Spin

sinde en deux parties.
Remarque 3.16. Le fait que leur theorie puisse e^tre raÆnee aux varietes mu-
nies de Spin-strutures etait deja mentionne par Goussarov dans [Go℄ et Habiro
dans [Hr℄.
Remarque 3.17. Nos tehniques (en partiulier, les Propositions 3.3 et 3.2),
permettent de raÆner aux adres Spin et Spin

les theories d'invariants de type
ni assoiees a des mouvements elementaires autres que la Y -hirurgie, tant que
eux-i se denissent par des twists le long de surfaes plongees par des elements
de leur groupe de Torelli. Voii des exemples de tels mouvements :
(1) la hirurgie sur les \blinks" (voir [GGP, x1.7℄).
(2) la hirurgie sur les \boundary links" (voir [GGP, x1.6℄).
(3) le mouvement de Whitehead (voir [Mt℄ et [MP, x4.6℄).

CHAPITRE 2
Formes quadratiques et invariants de type ni des
Spin-varietes fermees de dimension 3
1. Introdution
The notion of Borromean surgery was introdued by Matveev in [Mt℄ as an
example of what he alled a V-surgery. Sine then, this transformation has be-
ome the elementary move of Goussarov-Habiro nite type invariants theory for
oriented 3-manifolds ([Hr℄, [Go℄, [GGP℄). Matveev showed that the equivalene
relation, among losed oriented 3-manifolds, generated by Borromean surgery is
haraterized by the pair:
(
1
















is its torsion linking form, where TH
1
(M) denotes the torsion subgroup of H
1
(M).
This result gives a haraterization of degree 0 invariants in Goussarov-Habiro
theory for losed oriented 3-manifolds.
As mentioned by Habiro and Goussarov, their nite type invariants theory (in
short: \FTI theory") makes sense also for 3-manifolds with spin struture beause
Borromean surgeries work well with spin strutures (see x3). So, the question is:
what is the \spin" analogue of Matveev's theorem?








an be dened by many ways (see [LL℄, [MS℄, and also [T2℄, [Gi℄). The bilinear














is the Rohlin funtion of M , sending a spin struture  of M to the modulo 16
signature of a spin 4-manifold whih spin-bounds (M;). The main result is the
following renement of Matveev's theorem:




) be onneted losed spin 3-manifolds.
Then, the following assertions are equivalent:




) an be obtained from one another by spin Borromean
surgeries,



















































EES DE DIMENSION 3
The equivalene between assertions 2 and 3 will be the topologial statement of
an algebrai fat: a nondegenerate quadrati form on a nite Abelian group is de-
termined, up to isomorphism, by its assoiated bilinear form and its Gauss-Brown
invariant.
In x2 we reall Matveev's notion of V-surgery. With this bakground, we then
reall the denition of Borromean surgery, and give equivalent desriptions of other
authors.
In x3, we larify how all of these notions have to be understood in the spin ase:
in partiular, spin Borromean surgeries are introdued. As a motivation to Theo-
rem 1.1, FTI for spin 3-manifolds, in the sense of Habiro and Goussarov, are then
dened: the Rohlin invariant is shown to be a nite type degree 1 invariant. It
should be mentioned that Cohran and Melvin have proposed a dierent FTI the-
ory in [CM℄, and have also rened their theory to the ase of spin manifolds.
x4 is of an algebrai nature. We reall some denitions and results about quadrati
forms on nite Abelian groups. We also prove the above mentioned algebrai fat:
the proof makes use of Kawauhi-Kojima lassiation of linking pairings.
x5 is the topologial ousin of the former: we review the quadrati form 
M;
.
Starting from Turaev 4-dimensional denition in [T2℄, we then give an intrinsi
denition for 
M;
(no referene to dimension 4).
x6 is devoted to the proof of Theorem 1.1. It goes as a renement of the orig-
inal proof by Matveev for the \unspun" ase. Last setion will give some of its
appliations.
2. Borromean surgeries and equivalent moves
First of all, we want to reall the unifying idea of V-surgery by Matveev in
[Mt℄. This will allow us to have a more oneptual view of Borromean surgeries.
2.1. Review of Matveev V-surgeries. We begin with some general deni-
tions.
Definition 2.1. A Matveev triple is a triple of oriented 3-manifolds:














, as depited in Figure 2.1.












Figure 2.1: What will be removed and what will be glued during the surgery.
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orientation-preserving embedding. Form the following losed oriented 3-manifold:
(2.2) M
0








Definition 2.2. With the above notations, M
0
is said to be obtained from M
by V-surgery along j.










Definition 2.3. Two Matveev triples V and V
0
are said to be equivalent if














Note that, if the triples V and V
0
are equivalent, then they have the same surgery
eet.
Example 2.4. Let 
g
denote the genus g losed oriented surfae and let H
g
be






















-surgery amounts to \twist" an embedded genus g handlebody by f . For




2.2. Review of Borromean surgeries. The original Matveev's point of view
was:
Definition 2.5. A Borromean surgery is a B-surgery with:













are obtained from the genus 3 handlebody by surgery




Figure 2.2: The triple B.
We now reall Goussarov's notion of Y -surgery in [Go℄. This move is equivalent
to the A
1
-move of Habiro in [Hr℄.
1
Blakboard framing onvention is used.
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Definition 2.6. A Y -graph G in a losed oriented 3-manifold M is an (unori-
ented) embedding of the surfae drawn in Figure 2.3, together with its deomposi-
tion between leaves, edges and node.
The losed oriented 3-manifold obtained from M by Y -surgery along G is:
M
G
















surgered handlebody on the six-omponent link L drawn on Figure 2.4.
We all Y -equivalene the equivalene relation among losed oriented 3-manifolds
generated by orientation-preserving dieomorphisms and Y -surgeries.
The node
One of the 
three edges
One of the 
three leaves
Figure 2.3: A Y-graph.
A leaf-component of L, and
node-component of L
the corresponding
Figure 2.4: The surgery meaning of a Y -graph.
Note that a Y -surgery is a Y-surgery if we all Y the triple:













the orresponding Y -graph gives the plae where the Y-surgery must be performed.
Lemma 2.7. The Matveev triples B and Y are equivalent. Thus, Borromean
surgery is equivalent to Y -surgery.
Proof. We will show that both of the triples B and Y are equivalent to a
triple V
h










of Figure 2.4: handle-sliding of eah node-omponent
over the orresponding leaf-omponent, followed by some isotopies of framed links
gives Figure 2.5, where only part of the link is drawn. Up to a (+1)-framing orre-
tion, the three depited omponents a
i
an be normally pushed o at one towards




. Note that during this
push-o, none of the three omponents b
i
is interseted. Then, the omponents b
i





Figure 2.5: The link L of Figure 2.4 after some Kirby's moves.
an also be pushed o so that the framing orretion is now  1: the result is a
family of three disjoint urves 
i





an be depited as on Figure 2.6.
iαi
β
Figure 2.6: The urves 
i
(on the lefthand side) and 
i
(on the righthand side)



































Aording to the Likorish trik [Li, proof of Theorem 2℄, a Y-surgery is therefore
equivalent to a V
h
-surgery.













denote the meridian of the ith handle
of H
3















so that h = h
0
. 
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Remark 2.8 (Fundamental remark). Note that, in the proof of Lemma 2.7,
the urve 
i
is homologous in the surfae 
3
to the orresponding urve 
i
(look






the Torelli group. In the sequel, we will all h the Borromean dieomorphism.
In order to have a omplete understanding of these equivalent triples B, Y or
V
h
, it remains to reognize their underlying losed 3-manifolds.
Lemma 2.9. The losed 3-manifolds B and Y , respetively dened by the triples







Proof. Aording to Lemma 2.7, B and Y are dieomorphi. Let us identify
Y . Reall that Y was dened as:
















) is the sublink ontaining the leaf(resp.
node)-omponents. Note that L
b
an be isotoped in Y n L
a
to some Borromean




leave the handlebody where








by surgery on some Borromean rings ontained in a little
3-ball. The lemma then follows from the fat that the latter is nothing but S
3
. 
3. Spin Borromean surgeries
We now go into the world of spin 3-manifolds. We refer to [Ki, Chapter IV℄
for an introdution to spin strutures. As a warm up, we reall a few fats in the
next subsetion.
3.1. Gluing of spin strutures. Let n  2, and letM be a ompat smooth
oriented n-manifold endowed with a Riemannian metri. Its bundle of oriented
orthonormal frames will be denoted by FM : it is a prinipal SO(n)-bundle with
total spae E(FM) and with projetion p.


























); 8 2 Spin(M); x   :=  + p

(x):
Lemma 3.1. For i = 1; 2, let M
i
be a ompat smooth oriented n-manifold
and let S
i
be a submanifold of M
i
with orientation indued by M
i

















are spinnable, that S
2









































is injetive with J as image.




be the prinipal SO(n)-bundle derived from
FS
i
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We denote by j
i
the orresponding inlusion of E(FM
i
) into E(FM). But now, by
















































































. Note also that, sine S
2







) is injetive. The whole lemma then follows from these two remarks and
from the exatness of the Mayer-Vietoris sequene. 









) is alled the gluing









3.2. Spin V-surgeries. In some ases, a Matveev V-surgery, whose denition
has been realled in x2.1, makes sense for spin 3-manifolds.



































indued by inlusions, are isomorphisms.


















be an orientation-preserving embedding. As in x2.1, we denote by M
0
the result of























From formula (2.2) and from Denition 3.1, we an dene 
j;V
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said to be obtained from (M;) by spin V-surgery along j.





be an orientation-preserving dieomor-






) spanned by the merid-
ians. Then, as an be easily veried, the triple V
f
of Example 2.4 is spin-admissible
if and only if f

(K) = K. For instane, this ondition is satised when f belongs
to the Torelli modulo 2 group.





(K) = K, then for eah  2 Spin(M), 
j;V








Proof. In that ase, V
2

















3.3. Denition of Y
s
-surgeries. From Lemma 2.7 and from Remark 2.8
above, we have learnt that both of the triples B and Y are equivalent to the triple
V
h
where h is the Borromean dieomorphism whih belongs to the Torelli group.
So, by Example 3.2, they are spin-admissible and the following denition makes
sense:
Definition 3.4. A Y
s
-surgery, or equivalently a spin Borromean surgery, is
the surgery move among losed spin 3-manifolds dened equivalently by the triples
Y or B. We all Y
s
-equivalene the equivalene relation among them generated by
spin dieomorphisms and Y
s
-surgeries.
Let (M;) be a losed spin 3-manifold and let G be a Y -graph in M . The
Y
s






Let j : H
3
-
N(G) be an embedding of the genus 3 handlebody onto a regular












and aording to Lemma 3.3, 
G






3.4. Goussarov-Habiro FTI theory for spin 3-manifolds.
Lemma 3.5. Let (M;) be a losed spin 3-manifold and let G and H be disjoint



































are extensions of j
Mn(N(G)[N(H))
. The lemma then follows from



















Let S = fG
1
; : : : ; G
s
g be a family of disjoint Y -graphs in a losed 3-manifold
M with spin struture . Lemma 3.5 says that Y
s
-surgery along the family S is




). Following Habiro and Goussarov
denition of a nite type invariant ([Hr℄, [Go℄), we an now dene:
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Definition 3.4. Let A be an Abelian group and let  be an A-valued invariant
of 3-manifolds with spin struture. Then,  is an invariant of degree at most n if
for any losed spin 3-manifold (M;) and any family S of at least n+ 1 Y -graphs












) = 0 2 A;
where the sum is taken over all subfamilies S
0
of S. Moreover,  is of degree n if it
is of degree at most n, but is not of degree at most n  1.
Remark 3.6. Note that the degree 0 invariants are preisely those invariants
whih are onstant on eah Y
s
-equivalene lass. So, the rened Matveev theorem
will quantify how powerful they an be.
The next subsetion will provide us some examples of invariants whih are nite
type in the sense of Denition 3.4.
3.5. Rohlin invariant under Y
s
-surgery.
Proposition 3.7. Let (M;) be a losed spin 3-manifold, and let G be a Y -






























), indued by the Y-surgery
along G, has been dened in x3.2.














The surgered manifold M
G
will be thought of onretely as in (3.1).
Pik a spin 4-manifold W spin-bounded by (M;), and a spin 4-manifold H spin-
bounded by the 3-torus with 
G
() as a spin struture. Glue the \generalized"
handle H to W along the rst handlebody of the 3-torus in deomposition (3.3),




oherently with H and
W , and then give to W
0
the spin struture obtained by gluing those of H and W








Aording to Wall's theorem on non-additivity of the signature (see [W3℄), we have:
(3.4) sgn(W
0
) = sgn(W ) + sgn(H)  orreting term:
The involved orreting term is the signature of a real bilinear symmetri form





A \ (B + C)
A \ B +A \ C
;




























































No matter who is A, sine the Borromean dieomorphism h lies in the Torelli group,
we ertainly have B = C. The spae V then vanishes and so does the orreting
term. The announed equality then follows by taking equation (3.4) modulo 16. 
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Corollary 3.8. The Rohlin invariant is a degree 1 invariant of losed spin
3-manifolds for Goussarov-Habiro theory, and its modulo 8 redution is of degree 0.
Remark 3.9. In Cohran-Melvin theory, the Rohlin invariant is a degree 3
nite type invariant (see [CM, Prop. 6.2℄).
Proof of Corollary 3.8. Last statement is lear from Proposition 3.7 and
from the fat that the Rohlin funtion of the 3-torus takes values in f0; 8g  Z
16
.
Let us show that the Rohlin invariant is at most of degree 1. Take a losed
spin 3-manifold (M;) and two disjoint Y -graphs G and H in M . Aording to

































where the left 
G
is dened by G  M and the right 
G
is dened by G  M
H
.
But this follows from denition of the maps 
G






It remains to show that the Rohlin invariant is not of degree 0 (and so it will be
\exatly" of degree 1). For instane, all of the spin strutures of the 3-torus are
related one to another by Y
s
-surgeries (Cf Example 3.14 below) and so are not
distinguished one to another by degree 0 invariants. But Rohlin distinguishes one
of them from the others. 
3.6. Y
s
-surgeries through surgery presentations on S
3
.
We rst x some notations. We all V
L
the 3-manifold obtained from S
3
by
surgery along a ordered oriented framed link L = (L
1
; : : : ; L
l
) of length l, and
W
L
the orresponding 4-manifold obtained from B
4
by attahing 2-handles and












;Z) is free Abelian of rank l. For eah i = 1; : : : ; l, hoose a




and push it o into the interior of B
4
: denote the result
by P
i
. Then, glue P
i
to the ore of the ith 2-handle to obtain a losed surfae S
i
.




;Z) is then given by ([S
1
℄; : : : ; [S
l
℄).
We now reall a nie ombinatorial way to desribe spin strutures of V
L
. This
is by means of the so-alled \harateristi solutions of B
L
" or, equivalently, \har-
ateristi sublinks of L".








= 1, are said to be harateristi if the following equation is satised:













We denote by S
L




omprising the harateristi solutions of B
L
.







































where o sends any  2 Spin(V
L
) to the obstrution to extending  to the whole
of W
L
, P is the Poinare duality isomorphism and the last map is dened by the
basis ([S
1
℄; : : : ; [S
l
℄). With this ombinatorial desription, Kirby's theorem an be
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rened to losed spin 3-manifolds (see [Bl℄).
The following lemma, more general than needed, will allow us to enuniate in those
terms the eet of a Y
s
-surgery.
Lemma 3.10. Let L [K be the ordered union of two ordered oriented framed
links in S
3
and let H  S
3
be an embedded handlebody suh that K is ontained in





Suppose that  2 Spin (V
L[K







satisfying the following two properties:
(1) (s
1






is a harateristi solution of B
L
,
(2) for all i 2 f1; : : : ; kg suh that s
l+i
6= 0, the omponent K
i
bounds a
Seifert surfae within H.





















Proof. In the following, all (o)homology groups are assumed to be with
oeÆients in Z
2
. We use the above xed notations.













where o() is the obstrution to extending any  2 Spin(V
L
n H) to the whole
of W
L














nH) denote the onneting




nH). Note that the following equation holds:




nH) ;8 2 Spin(V
L





is injetive, it follows that o is injetive.


































































































































where the letter P stands for a Poinare duality isomomorphism, the vertial arrows
are indued by inlusions and the map r is dened by planar ommutativity.
From intersetion theory, we dedue that:
(3.9)

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Let now  be a spin struture of V
L[K
suh that the orresponding harater-
isti solution s of B
L[K
satises the onditions 1 and 2 of the lemma.
We dene ~s := (s
1






. By hypothesis 1, there exists a unique spin
struture ~ of V
L
with ~s as assoiated harateristi solution of B
L





. Diagram hasing shows that proving r ÆP Æ o() = i

ÆP Æ o(~)
should suÆe. This follows from hypothesis 2, formulas (3.9) and from the fat
that P Æ o() = s and P Æ o(~) = ~s. 
Let us now ome bak to the ase of a Y
s
-surgery. LetM be a losed oriented 3-
manifold and letM
G
be obtained fromM by surgery along a Y -graph G. Aording













Suppose now that we are given a surgery presentation M = V
L
of M . Isotope
the graph G in M to make it disjoint from the dual of L, so that G is in S
3
n L.
Let H be a regular neighbourhood of G. A few Kirby's aluli, inside H , show that
surgery along this Y -graph is equivalent to surgery on the two-omponent link K





Figure 3.1: Y -surgery as surgery along a 2-omponent link.
































   x
l
x 1









Writing the harateristi ondition (3.7), we nd that eah harateristi solution
of B
L[K























where s = (s
1
; : : : ; s
l
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Lemma 3.11. With the above notations, the map T
G
is a ombinatorial version
of the map 
G
in terms of harateristi solutions for surgery presentations on S
3
.



















Proof. This follows from the denitions and from Lemma 3.10: note that K
2
is nul-homologous in H , and that here H
K
is merely a handlebody. 
Definition 3.12. Let M = V
L
be a surgery presentation of a 3-manifold M
on S
3
, and let G be a Y -graph in M . Then, G is said to be simple (with respet
to this surgery presentation), if G an be isotoped in M so that, in S
3
, its leaves
bound disjoint diss, eah interseting L in exatly one point.
Corollary 3.13. For a Y
s
-surgery along a simple Y -graph, the spin-dieomor-











Figure 3.2: A simple Y
s
-surgery.
Proof. Replae in the lhs of Figure 3.2, this simple Y -graph by the 2-ompo-
nent link of Figure 3.1 suh that K
1
links the ith omponent of L and use equation






Figure 3.3: Some intermediate link and harateriti solution.
moves to obtain the rhs of Figure 3.2. 
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Example 3.14. As a onsequene of Corollary 3.13, the Lie spin struture of
the 3-torus is Y
s
-equivalent to the seven other ones.

















an be obtained from S
3
by surgery along a
trivial 0-framed three-omponent link. Surgery on the 0-framed Borromean rings






, and this link an be obtained from the trivial
link by a simple Y -surgery. 
4. Quadrati forms on nite Abelian groups
4.1. Linking pairings, quadrati forms on nite Abelian groups and
their presentations. We reall here standard algebrai onstrutions: notations
are that of Deloup in [De2℄, where a brief review of the subjet an be found.
Definition 4.1. A linking pairing on a nite Abelian group G is a nondegen-
erate symmetri bilinear map b : GG
-
Q=Z.
A quadrati form on G is a map q : G
-





Q=Z dened by b
q
(x; y) = q(x+y) q(x) q(y) is bilinear, and suh that q
satises: 8x 2 G; q( x) = q(x). q is said to be nondegenerate when the assoiated
bilinear form b
q
is a linking pairing.
Let now (F; f) be a symmetri bilinear form on a free nitely generated Abelian

























)), the torsion subgroup of Coker(ad
f
). We now












(x; y) = x
Q
(~y) mod 1;
where x; y 2 Hom(F;Z) \ Im(a
f
), ~y 2 F 
Q is suh that a
f




Q;Q) is the rational extension of x. (F; f) is said to be a presentation





Suppose now that the form (F; f) omes equipped with a Wu lass, that is an
element w 2 F suh that 8x 2 F; f(w; x) = f(x; x) mod 2. We an then dene

















(~x)  x(w)) mod 1:

f;w
is determined by the modulo 2F lass of w. The triple (F; f; w) is said to be





Any linking pairing and any nondegenerate quadrati form admit suh presentations
with f nondegenerate (see [W1, Theorem (6)℄).
Given an arbitrary quadrati form on a nite Abelian group (G; q), we an
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This omplex number is an 8th root of unity or is 0 (only if q is degenerate).











using the onvention e
2i1
= 0.








) = sgn(f)  f(w;w) mod 8:
For (G; b) a linking pairing, denote by Quad(G; b) the set of quadrati forms
with b as assoiated linking pairing, and denote by T
2
(G) the subgroup of elements
of G of order at most 2. Using the nondegenerativity of b, we easily obtain:






(G); 8q 2 Quad(G; b); x  q := q + b(x; ):
The following lemma says how the Gauss-Brown invariant behaves under this
ation.
Lemma 4.3. Let q 2 Quad(G; b) and let x 2 T
2
(G). Then,
(G; x  q) = e
 2iq(x)
 (G; q):
Proof. Sine (x  q)(y) = q(y) + b(x; y) = q(x+ y)  q(x), we have:
p
















jGj  (G; q)

4.2. Isomorphism lasses of nondegenerate quadrati forms. We now
want to prove the following result:




) be two nondegenerate quadrati forms on
nite Abelian groups. We denote by b and b
0
the linking pairings going respetively
with them. The following two assertions are equivalent:














where B( ) denotes the Gauss-Brown invariant of quadrati forms.




)) be a nondegenerate quadrati form over the




)). Reall that the relation between b and
q is:
(4.5) b(x; y) = q(x+ y)  q(x)  q(y):
From this formula and the denition of B( ), \1) 2" of Theorem 4.4 is obvious.
Suppose momentarily that G is a p-group, with p an odd prime. Then, equation
2q(x) = b(x; x) makes b determine q, for if q
00
is another quadrati form over b, then
(q  q
00
) is an order at most 2 element of Hom (G;Q=Z) ' G, and so vanishes. So,
if G and G
0
are both p-groups, then b ' b
0




A sketh of proof of this formula an be found in [VdB℄, in ase when f is nondegenerate.
Milnor and Husemoller have inluded a detailed proof in [MH, Appendix 4℄, for f nondegenerate
and w = 0. The general ase an be redued to this speial ase.
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Come bak now to the general ase and suppose that ondition 2 is satised.
















and, aording to formula (4.5), the same holds for q. The given isomorphism


































































for p odd, and so, by additivity of the Gauss-
Brown invariant, this is also true for p = 2. Consequently, it is enough to prove
Theorem 4.4 when G and G
0
are 2-groups.
In the sequel, we reall a onstrution due to Wall (see [W1, x6℄), establishing a
one to one orrespondene (up to isomorphism) between nondegenerate quadrati
forms on 2-groups and linking pairings on 2-groups without diret summand of
order two. Next, we give a brief review of Kawauhi and Kojima lassiation of
linking pairings on 2-groups. We will nally end the proof of Theorem 4.4.




) will be said here to be speial if
G
0
is a nite 2-group without diret summand of order two.































The quantity q(x) is well-dened beause of the speial feature of the group G
0
.
Then, q is easily seen to be quadrati and nondegenerate, with assoiated linking
pairing b : GG
-
Q=Z dened by:
(4.6) 8x = (x
0
); 8y = (y
0













(G; q). Wall showed this to
be surjetive onto the set of nondegenerate quadrati forms on 2-groups. He also










) give rise to the same (G; q) by 	, then they have
to be isomorphi (see [W1, Theorem 5℄).
As a onsequene, the lassiation, up to isomorphism, of nondegenerate qua-
drati forms on 2-groups is redued to that of speial linking pairings.
Kawauhi-Kojima lassiation of linking pairings on 2-groups. Let (G; b) be















(b) are group invariants of G. The very next onstru-
tion is due to Wall (see [W1, x5℄).
Denote by G
k
the subgroup of G of elements of order at most 2
i

















is learly a Z
2






























was shown by Wall to be nondegenerate (see [W1, Lemma 8℄).
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(~x; ~x). It is additive, and













































(b) an be veried to be quadrati and nondegenerate. In parti-
ular, its Gauss-Brown invariant B(q
k
) is not equal to 1.

















and showed the following theorem (see [KK, Theorem 4.1℄).
Theorem 4.5 (Kawauhi-Kojima). If (G; b) is a linking pairing on a nite 2-







End of proof of Theorem 4.4. Let (G; q) be a quadrati form on a nite




) be a speial linking
pairing, giving rise to (G; q) by Wall's onstrution 	.




of b and b
0
, in order to quantify




), and so (G; q), up to isomorphism.





. Denote by  : G
0
-
G the anonial projetion. The
































have the same rank. So,



































(b). Furthermore, when these (simultaneously)














(b) ommute (beause of equation (4.6)). As a onsequene, these
two quadrati forms will have the same Gauss-Brown invariant. So, to sum up,





























Now, from equations (4.8), (4.9), (4.10), (4.11) and Kawauhi-Kojima theorem,
we see that (G; b) together with B(q) determine (G; q) up to isomorphism. What
has been remaining to be proved for Theorem 4.4, then follows. 
We now give a result of Durfee (see [Du, Corollary 3.9℄) as a orollary of
Theorem 4.4.
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Corollary 4.6. Let b : G  G
-
Q=Z be a linking pairing on a nite
Abelian group G without yli diret summand of order 2 or 4. Then, 8q; q
0
2
Quad(G; b); q ' q
0
.
Proof. Take some quadrati forms q and q
0





= x  q (see Lemma 4.2). By the hypothesis on G, there exits some x
0
2 G
suh that x = 4x
0










is then of order at most 8, q(x
0
) has to be of order at most 2  8 = 16
(see [De1, Lemma 1.12℄). It follows that q(x) = 0 and so, by Lemma 4.3, we obtain
that B(G; q) = B(G; q
0
). Theorem 4.4 allows us to onlude. 
5. The quadrati form 
M;
In this setion, when not speied, integer oeÆients are assumed.
5.1. Turaev 4-dimensional denition of 
M;
. Let M be a onneted
losed oriented 3-manifold, and let  : V
L
-
M be a surgery presentation on S
3
given by an ordered oriented framed link L (see the beginning of x3.6).




), taking for f the
intersetion form of W
L
. Reall that the matrix of f relative to the preferred basis
of F is B
L



















































































(M) be respetively realized by oriented disjoint
knots K;K
0
in M . Let 
0




= 0. Pik a 
0
-
times onneted sum of K
0
. We obtain a null-homologous knot
in M for whih we an thus nd a Seifert surfae S
0
in general












where  is the intersetion form of M .
Now to eah  2 Spin(M) is assoiated a harateristi solution of  B
L
or, alter-
natively, a Wu lass (modulo 2F ) of  f , denoted by w

. Then, Turaev dened:
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We still have to verify that 
M;

































Aording to the rened Kirby's theorem (see [Bl℄), there exists a sequene of




















Æ . These Kirby's moves indue a




















with S 2 Aut(F );
(F; f; w)
-
(F  Z; f  (1); w  (1)) :




































The well-denition of 
M;
then follows.
5.2. An intrinsi denition for 
M;
. Let (M;) be a losed spin 3-manifold
and let K be a smooth oriented knot in M .
Eah parallel l of K denes a trivialization of the normal bundle of K in M , and








0 if the indued spin struture on S
1
is the \bounding" one,
1 otherwise.
(K; l) is a Z
2
-valued invariant of framed knots in M .
Lemma 5.2. Let (M;) be a losed spin 3-manifold. Then, for eah oriented
smooth knot K in M with l as a parallel and meridian ,
(K; l + ) = (K; l) + 1 2 Z
2
:
Proof. Let S denote the boundary of a regular neighbourhood of K in M .
The normal bundle of S in M is naturally trivialized, so S inherits from (M;) a
spin struture. Let q be the quadrati form assoiated to the spin smooth surfae
(S; j
S
) as dened by Johnson in [J1℄. The following identity then holds for eah
parallel l:
(K; l) = q ([l℄) ;
when l is thought of as a urve on S. Sine q is quadrati with respet to the
modulo 2 intersetion form  on S, we have:
(K; l + ) = q ([l℄ + [℄)
= q ([l℄) + q ([℄) + [l℄  [℄
= q ([l℄) + 1
= (K; l) + 1:

We now reall the denition of the framing number Fr(K; l) 2 Q of a rationally
nulhomologous oriented framed knot (K; l) in a losed oriented 3-manifold M :
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Choose  2 N

suh that   [K℄ = 0 2 H
1
(M). Pik a -times
onneted sum of K. We obtain a null-homologous knot in M
for whih we an thus pik a Seifert surfae S in general position




 l  S 2 Q:
Lemma 5.3. Let (M;) be a losed spin 3-manifold and x 2 TH
1
(M). Choose
a smooth oriented knot K in M representative for x, and pik a parallel l for K












Note that, aording to Lemma 5.2, the rhs of (5.1) is an invariant of the oriented
knot K (it does not depend on the hoie of l satisfying the above ondition). This
lemma laims that it only depends on the homology lass x of K, and gives a
3-dimensional denition for the quadrati form 
M;
.
Remark 5.4. From this lemma, we an see that 
M;
oinides with the qua-
drati form dened by Lannes and Latour in [LL℄ when speialized to our ase (see
also [MS℄).
Proof of Lemma 5.3. Consider the 4-manifold W
1
obtained from M  [0; 1℄
by attahing a 2-handle to M  1 along (K; l). Identify M with M  0. Sine
















the losed oriented 3-manifold obtained from M by the orresponding surgery, and
where  
0





Note also that the ore of the 2-handle is a 2-dis D in W
1
with boundary K in M ,
and whose normal bundle an be trivialized in aordane with the trivialization
of the normal bundle of K in M given by l. The framed knot (K; l) will briey be
said to have property (D) in W
1
.





even surgery presentation in S
3
(i.e. the linking matrix is even and its harateristi
solution orresponding to 
0
is the trivial one). Denote by W
2
the trae of the
surgery and by 
2
the unique extension of 
0















), we obtain a spin 4-manifold (W;)
with boundary (M;). The 2-handle from M to M
0
an be reversed. After a
rearrangement, the 4-manifoldW appears as B
4
to whih have been simultaneously
attahed some 2-handles (one more than W
2
), with boundary M , and to whih 
an be extended. So, W is the trae of an even surgery presentation.
As a summary, we have found so far an even surgery presentation (L; 0) for
(M;) suh that (K; l) has property (D) in W
L
.
Let us work with this surgery presentation of (M;). Notations of x5.1 will be




), f stands for the intersetion form of W
L
and so on.






). The latter is identied with an
element d of Hom(F;Z). Reall from the denition of 
M;













is the rational extension of d and where
~
d 2 F 





Let  2 N suh that   x = 0 2 H
1
(M). Then, there exists y 2 F suh that
ad
f
(y) =   d. So
1

 y 2 F 
Q works as a
~
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are 2-yles representatives for y in transverse position in W
L
. By means




We add a ollar M  [0; 1℄ to W
L
suh that M  0 is identied with M . Let S be
a Seifert surfae for  K in M in transverse position with l, and S
0
be a Seifert
surfae for (  l) 1 in M  1. Beause of the property (D), D an be pushed o
to a dis D
0
in suh a way that D
0
= l and D \ D
0
= ?. Figure 5.1 is a good

















Figure 5.1: Calulating Y  Y
0
.
(5.4) f(y; y) = Y  Y
0
= ( S)  (:D
0
) =    S  l:
The last  in (5.4) is intersetion in M . The lemma follows from (5.4), (5.3) and
the denition of a framing number. 
5.3. Properties of 
M;
. The algebrai results of x4 have a topologial mean-
ing. First, it has been shown by Turaev in [T2, Theorem V℄:







is the Rohlin funtion of the 3-manifold M .
Proof. Find an even surgery presentation of the spin 3-manifold (M;). So
we are led to apply formula (4.4) with w = 0. 
So, in view of Lemma 5.5, the topologial translations of Theorem 4.4 and its
Corollary 4.6 are respetively:




) be onneted losed spin 3-manifolds.
The following two assertions are equivalent:






















Corollary 5.7. Let M be a onneted losed oriented 3-manifold, suh that
H
1




as a diret summand. Then, all of its quadrati
forms are isomorphi one to another.
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6. Proof of rened Matveev theorem
Part of the work has already been done in previous setions. First, \1 =) 3"
follows from Corollary 3.8 and from the easy part of (unspun) Matveev theorem: a
Y -surgery preserves homology and torsion linking forms. This an be veried seeing
Y -surgery as a V
h
-surgery (where h is the Borromean dieomorphism of Remark
2.8), using a Mayer-Vietoris argument and the fat that h belongs to the Torelli
group. Seond, \3 =) 2" follows from Proposition 5.6. What remains to be proved
is then \2 =) 1".
We start by realling an algebrai result of Durfee (see [Du℄) about even sym-
metri bilinear forms on nitely generated free Abelian groups.
Let (Z
2






























1 2 1 0 1
1 2 1 0
0 1 2 0






















) be two symmetri even bilinear forms
on nitely generated free Abelian groups. They are said to be stably equivalent if
they beome isomorphi after some stabilizations with unimodular symmetri even
bilinear forms.
Note that a unimodular even form beomes indenite after taking diret sum
with h. Reall that every even unimodular indenite form splits as a diret sum of
h and 
8
(see for example [Ki, p.26℄). Thus, in Denition 6.1, h and 
8
suÆe as
unimodular even forms to stabilize.
For (F; f) an even symmetri bilinear form on a nitely generated free Abelian
group, we will shortly denote by 
f












) be two symmetri even
























Proof. Impliation \1)2" is obvious sine 
8
and h are both unimodular.
Now suppose that ondition 2 is satised. For eah i 2 f1; 2g, there exists a







































) (note that it is free), r = rk (Ker (ad
f
1




















Consequently, without loss of generality, we an assume both f
i
to be nondegener-




An easier and diret proof of this result was given by Wall in [W2, Corollary 1℄.
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Suppose given for them some even surgery presentations (L; 0) and (L
0
; 0) with
respetive linking matries B and B
0
. Aording to Proposition 6.2, there exists a
unimodular integer matrix P satisfying for some stabilizations:
t




)  P = B
0





We have the following geometri realizations of algebrai operations:
(1) stabilizations by H orrespond to onneted sums with S
3
surgery pre-
sented on the zero-framed Hopf link,
(2) a stabilization by  
8
is onrete when thought of as a onneted sum
with the Poinare sphere surgery presented on an appropriate height-
omponent link as in [Ki, Figure 5.3, p.15℄,
(3) ongruene by P an be realized by some spin Kirby's moves (handle-
slidings and hanges of orientation of omponents of L).
The Poinare sphere an also be obtained by surgery along a (+1)-framed trefoil
knot ([Ki, Figure 5.3, p.15℄), whih an be obtained from the (+1)-framed unknot
by a simple Y -surgery (see Denition 3.12). As a onsequene, the Poinare sphere
and the sphere S
3









A theorem of Murakami and Nakanishi ([MN, Theorem 1.1℄
4
) states that two
ordered oriented links have idential linking matries if and only if they are -
equivalent. A -move is a ertain unknotting operation, whih is equivalent to
surgery along a simple Y -graph.
Finally, from Corollary 3.13, we see that a simple Y
s
-surgery between even surgery







), whih ompletes the proof.
7. Appliations
Aording to Theorem 1.1, two onneted losed spin 3-manifolds are Y
s
-
equivalent if and only if they are Y -equivalent as plain 3-manifolds and their Rohlin
invariants are idential modulo 8. In other words, while studying the degree 0 part
of Goussarov-Habiro theory, the spin problem an be \fatored out".
Now, given a losed onneted oriented 3-manifold, one an wonder whether
all of its spin strutures are Y
s
-equivalent one to another. This has been veried






by a diret alulation (Example 3.14). More
generally we have:
Corollary 7.1. Let M be a onneted oriented losed 3-manifold suh that
H
1
(M) has no yli diret summand of order 2 or 4. Then, all spin strutures of
M are Y
s
-equivalent one to another.
Proof. This follows diretly from Theorem 1.1 and Corollary 5.7. 
On the ontrary, we have:





Rohlin funtion of RP
3
takes 1 and  1 as values.
4
In fat, the rst referene is Matveev, but the proof in [Mt℄ is not detailed.

CHAPITRE 3
Invariants de type ni des ylindres d'homologie
En ollaboration ave Jean-Baptiste Meilhan.
1. Introdution
1.1. Homology ylinders. Homology ylinders are important objets in the
theory of nite type invariants of Goussarov-Habiro: they have thus appeared in
both [Hr℄ and [Go℄. Let us reall the denition of these objets.
Let  be a ompat onneted oriented surfae. A homology obordism over 



















































(;Z) is the identity, M is said to be
a homology ylinder. The set of homology obordisms is denoted here by C(),









) are homology obordisms, we an dene their staking produt by












This produt indues a monoid struture on C(), with HC() a submonoid. The
unit element is 1

:= ( I; Id; Id), where I is the unit interval [0; 1℄ and where
a ollar of 

is strethed along   I so that the seond dening ondition for
homology obordisms is satised.
Habiro in [Hr, x8.5℄ outlined how homology ylinders an serve as a powerful
tool in studying the mapping lass groups of surfaes (see [GL℄, [Hg℄, [Le℄). The





sending eah h in the Torelli group of  to the mapping ylinder C
h
= (I; Id; h)
(with, as above, a ollar of 

strethed along  I).
In the sequel, we restrit ourselves to the following two ases:
(i)  = 
g
is the standard losed oriented surfae of genus g  0, whih here
is referred to as the losed ase;
(ii)  = 
g;1
is the standard ompat oriented surfae of genus g  0 with
one boundary omponent, whih here is referred to as the boundary ase.
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) for the Torelli groups will be
used. Also denote by H the rst homology group of  with integer oeÆients, by







a sympleti basis for (H; ).
1.2. Y
k
-equivalene. The theory of nite type invariants of Goussarov-Habiro
has ome equipped with a topologial alulus toolbox: this was alled alulus of
laspers in [Hr℄ or alternatively lovers in [GGP℄. We will assume a ertain famil-
iarity of the reader with these tehniques.





equivalene relation generated by surgery on onneted lovers of degree k. Follow-





()      C
k
()    
where C
k
() is the submonoid onsisting of the homology obordisms whih are
Y
k
-equivalent to the trivial obordism 1

. Note the following fat, a proof of whih
has been inserted in x4.




, then HC() = C
1
().
As mentioned by Habiro, we an show from the alulus of lovers that for every







is an Abelian group. In partiular, C
1
() is the Abelian group of homology ylinders
over  up to Y
2
-equivalene. This group is the subjet of the present paper.
For k  2, Habiro gives a ombinatorial upper bound for the Abelian group
C
k
(). Preisely, he denes A
k
(H) to be the Abelian group (nitely) generated
by unitrivalent graphs of internal degree k, with yli orientation at eah trivalent
vertex and whose univalent verties are labelled by elements of H and are totally
ordered. These graphs are onsidered modulo the well-known AS, IHX, multilin-
earity relations, and up to some \STU-like relations" dealing with the order of the
univalent verties. In the losed ase, some relations of a sympleti type an be

















G is a lover in the manifold 1

with G as
assoiated abstrat graph, whose leaves are staked from the upper surfae   1
aording to the total order, framed along this surfae and embedded aording to
the labels of the orresponding univalent verties. The fat that  
k
is well-dened
also follows from the alulus of lovers.



















































is the sympleti element. This fat has been used afterwards in [Le℄.
The goal of this paper is to prove these isomorphisms, in a diagrammati way, by















The spae of graphs A
1
(P ) and the map  
1
appear to be meaningfully dierent
from A
k
(H) and  
k
for k > 1, making thus the ase k = 1 exeptional. Indeed,
their denition will involve both the homology group H and Spin (), the set of
spin strutures on .
1.3. The Abelianized Torelli group. We denote by 

g
the set of quadrati



















: 8x; y 2 H
(2)






is an aÆne spae over H
(2)






; x  q := q + x  ( ):






, there are the aÆne funtions, and more gen-
erally there are the Boolean polynomials whih are dened to be sums of produts
of aÆne ones (see [J2, x4℄). These polynomials form a Z
2
-algebra denoted by B
g
,













is the spae of aÆne funtions on 

g







sending eah q to 1 and, for h 2 H , the funtion h sending eah q


























































Reall now from [J2℄, that the many Birman-Craggs homomorphisms an be



















aording to whether one is onsidering the boundary ase or the losed ase. Reall



















































































(this is well-dened beause of (1.2) and (1.3)).









. Johnson has shown in [J4℄ that, under the assumption g  3, the
homomorphisms 
1












































Remark 1.2. Note that, beause of (1.3), the odomains of these maps are
























1.4. Statement of the results. In x2, we will onstrut the spae of graphs
A
1








(). Spin strutures play a
prominent role in their denitions.
Observe that, C
1
() being an Abelian group, the mapping ylinder onstrution









As pointed out by Garoufalidis and Levine in [GL℄ and [Le℄, Johnson homomor-
phisms and Birman-Craggs homomorphisms fator through C : T ()
-
HC().
These extensions will be detailed in x3.















the following two theorems will be proved from the previous material.





















































when g < 3.

























































when g < 3.
Note that Theorem 1.3 and Theorem 1.4 together with Remark 1.2, give Habiro's
isomorphisms (1.1), whih are non-anonial. Also, we will easily dedue the fol-
lowing.




, let M and M
0
be two homology ylinders
over . Then, the following assertions are equivalent:
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(b) M and M
0
are not distinguished by degree 1 Goussarov-Habiro nite type
invariants;
() M and M
0
are not distinguished by the rst Johnson homomorphism nor
Birman-Craggs homomorphisms.

















), through whih the ommutative diagrams of Theorem
1.3 and Theorem 1.4 are ompatible. The reader is referred to x4 for a preise
statement.
2. Denition of the surgery map  
1
In this setion, we dene the spae of graphs A
1
(P ) and the surgery map  
1
announed in the introdution.
2.1. Speial Abelian groups and the A
1
funtor. Let us denote by Ab the
ategory of Abelian groups. An Abelian group with speial element is a pair (G; s)
where G is an Abelian group and s 2 G is of order at most 2. We denote by Ab
s
the ategory of speial Abelian groups whose morphisms are group homomorphisms











(G; s) is the free Abelian group
generated by Y-shaped unitrivalent graphs, whose trivalent vertex is equipped with
a yli order on the inident edges and whose univalent verties are labelled by G,














2 G in aordane with the yli order, so that our notation is invariant
under yli permutation of the z
i
's. The relations are the following ones:






















































































Example 2.1. The map [G
-
(G; 0)℄ makes Ab a (full) subategory of Ab
s
.
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Non-trivial examples will be given in the next paragraph. For future use, note































































2.2. Spin strutures and the speial Abelian group P . In this para-
graph, letM be a ompat oriented 3-manifold endowed with a Riemannian metri,









Let s 2 H
1
(E(FM);Z) be the image by i













) ; < y; s >6= 0
	
;
whih is essentially independent of the metri. The manifold M being spinnable, s
is not 0 (and so is of order 2).









);8 2 Spin(M); x   :=  + p

(x);






-valued aÆne funtions on Spin(M). For instane, 1 2 A (Spin(M);Z
2
) will
denote the onstant map dened by 
-
1.











For f 2 A (Spin(M);Z
2





)  f() =< 
0























sending a x to the map dened by 
-
< ; x >. Next lemma gives us a nie
understanding of the speial Abelian group (H
1
(E(FM);Z) ; s).

























) ; 0) :

?
b) Let t be the map

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whih adds to any oriented framed knot K an extra (+1)-twist, and next sends it
to the homology lass of its lift in FM . Then,











are obordant as oriented knots in M



























(iv) the k-framed trivial oriented knot (k 2 Z) is sent by t to k  s.
Proof. We begin by proving a). The ommutativity of the diagram of speial











































The bijetivity of (p

; e) follows from the exatness of this sequene.
We now prove b) and we begin with assertion (iv). Let K be a trivial k-framed








() be the framing of K at .
We denote by
~
K the lift of K to FM . Then, as a loop in E(FM),
~
K is homotopi
to the loop in the ber p
 1
() dened by







(with  2 R) denotes the rotation of oriented axis direted by e
3
and










= (k + 1)  s 2 H
1
(E(FM);Z), and assertion (iv) then follows.
Let us make an observation. LetK be any oriented framed knot inM ; sine the
framing of K determines a trivialization of its normal bundle in M , it allows us to




is isomorphi to Z
2
(with generator given by S
1
endowed with the spin struture
indued by its Lie group struture: see [Ki, p. 35, 36℄). The following observation
then makes sense:











and an be derived from an appropriate haraterization of the spin strutures on





be some disjoint oriented framed knots in M . There is an











). Then, aording to
















































































are homologous in M . In this ase, let S be an embedded







be the framing of K
i
with
respet to S and let K
0
i





)-twist, so that the framing of K
0
i
is given by S. Then, aording to



























 s. We onlude that e (t
K
1
) = e (t
K
2





are equal modulo 2, proving thus assertion (ii).
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(M ;Z) an be realized by an oriented




  x) = 0 2
H
1
(M ;Z), and so by exatness of the Serre sequene, t
K
 x = "  s with " 2 f0; 1g.
By possibly band-summing K with a trivial (+1)-framed knot when " = 1, and
aording to assertion (iii) and (iv), the framed knot K an be supposed to be suh
that t
K
= x; this proves assertion (i). 
We now restrit ourselves to the 3-manifold M = 1













, with image 
+
, indues an isomorphism
between H and H
1
(M ;Z) and a bijetion between Spin() and Spin(M). As
shown by Johnson in [J1℄, there is an algebrai way to think of Spin(). Indeed,








sending any spin struture  to a quadrati form q

whih an be dened as follows.






) be represented by an oriented simple losed urve on

+
; by framing it along 
+
and pushing it into the interior of 1

, we get a framed







) (  I) 2 Z
2
:




) ;Z) ; s) is anonially isomor-



















































The last isomorphism here identies h with h
(2)
for all h 2 H (this is well-dened
by (1.2) and (1.3)). We dene the speial Abelian group P to be















(P ) is the spae of graphs announed in the introdution.
Remark 2.3. Thus, any element z of P an be written as
z =
 
h; h+ "  1

2 P;
with h 2 H and " 2 f0; 1g. Observe also the following. Suppose that there exists a
simple oriented losed urve in 
+
with homology lass h. Let K be the push-o
of this urve, framed along 
+
, with an extra "-twist. Then, it follows from (2.2)
that t
K





Remark 2.4. Aording to the proof of Lemma 2.2, the Serre sequene for
homology assoiated to the bundle F1






















is a set-theoreti setion. Aording to (1.2), the assoiated 2-oyle







is the mod 2 redued intersetion form of . Thus, P is isomorphi
to H o Z
2
























h; h+ "  1

2 P orresponds to (h; ) 2 H o Z
2
.
2.3. The surgery map  
1












() is onstruted by means of aluli of
lovers.
Conventions 2.5. Here, we adopt Goussarov's onvention for the surgery





(P ) the free Abelian group generated by abstrat Y-shaped graphs
whose univalent verties are labelled by P , and whih are equipped with an orien-
tation at their trivalent vertex: A
1















(P ), where z
i
2 P , pik some disjoint oriented framed knots K
i











) ;Z); this is possible
aording to Lemma 2.2 b) (i). Next, pik an embedded 2-disk D in the interior
of 1

and disjoint from the K
i
's, orient it in an arbitrary way, and onnet it to
the K
i
's with some bands e
i
. These band sums are required to be ompatible with
the orientations, and to be oherent with the yli ordering (1; 2; 3). See Fig. 2.1
as an illustration. What we obtain in 1









Figure 2.1: Embedding the Y-graph










. For example, as follows from
Lemma 2.2 b) (iv), if z
1


























to be the Y
2
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Proof. The proof might be read with a opy of [GGP℄ in hand. Using the













does not depend on










. For this, we reall two fats onerning any Y-graph
G in a homology ylinder M (see Remark 2.7 below):
Fat 1: the Y
2
-equivalene lass of M
G
is not modied when an edge of G
is band-summed with a (disjoint) oriented framed knot of M ;
Fat 2: the Y
2
-equivalene lass of M
G
is inverted when an edge of G is
half-twisted.




We now show the independane of the hoie of the leavesK
i




is another hoie of K
1
. Then, aording to Lemma 2.2 b) (ii), there exists
an embedded oriented surfae F in 1







) and suh that,
if k (resp. k
0





) with respet to F , (k   k
0
) is even.
We also assume transversality of F with the edges of the Y-graph, and with the




. Let g(F ) denote the genus of F , let m be the number
of intersetion points of F with the edges, and for i = 2; 3, let n
i
be the number of
intersetion points of F with K
i






are zero, the two Y-graphs are isotopi and we are done. In the general ase, reall
from [GGP, x4.3℄ that there is a proedure for simplifying the leaves. The main
tool for this is the following:




are two Y-graphs in 1

obtained from a Y-graph G by
















() (see Remark 2.7).
Splitting
 
















times the leaf K
3















() dened by the hoie of K
1








, where G satises one of the following onditions:
(i) G has a leaf whih bounds a genus 1 surfae disjoint from G and with
respet to whih the leaf is 0-framed;
(ii) G has a leaf whih bounds a disk disjoint from G, and with respet to
whih the leaf is (2)-framed;
(iii) G has a leaf whih bounds a disk with respet to whih it is 0-framed,
and this disk intersets G in exatly one point belonging to an edge;
(iv) G has two leaves whih are linked as the Hopf link.
Let us now verify that all of these elements vanish in C
1
(). If G is of type (i),
the surgery eet of G is the same as a lover of degree 2 (apply [GGP, Lem.






















by Fat 2. If
G is of type (iii), by applying Fat 1 the edge an be slid away from the leaf, we
then get a Y-graph with a trivial leaf whih has no surgery eet by the \blow-up
move" of [GGP, Fig. 6℄. If G is of type (iv), by applying [GGP, Th. 2.4℄, we
obtain a Y-graph with a looped edge, but this is stated to be 0 in C
1
() by the
so-alled LOOP relation. This relation is easily shown from [GGP, Lem. 2.3℄ and









is surjetive follows immediately from the fat that the Abelian
group C
1




where G is a single Y-
graph (this is also proved by standard aluli of lovers).












(P ). The AS
relation is proved in C
1
() from Fat 2 and an isotopy of the Y -graph { see [GGP,
Cor. 4.6℄.
The multilinearity relation follows from Fat 3. Indeed, let G be a Y-graph in
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1









































The slide relation is shown to be satised in C
1
() thanks to the \leaf slide" move
of [GGP, Fig. 6℄. For this, let G be a Y-graph in 1















, we obtain a new Y-graph
G
0













with an extra ( 1)-twist. So, by Lemma 2.2 b)

























2 P ) is satised in C
1
(). The slide relation, as
stated in x2.1, follows then from the AS and multilinearity relations. 
Remark 2.7. The proof of Fat 1, Fat 2 and Fat 3 use alulus of lovers
and an respetively be obtained from the proof of Cor. 4.2, Lem. 4.4 and Cor.
4.3 in [GGP℄. Alternatively, those fats an be onsidered as orollaries of these
results in the following way. Denote by ZC
1
() the free Abelian group generated




















)    
be its Goussarov-Habiro ltration [GGP, x1.4℄. Results are stated in [GGP℄ to














). Consider also the homo-









whih assigns to any homology ylinder its Y
2
-equivalene lass. The invariant 
is primitive, in the sense that it restrits to C
1
() to a monoid homomorphism,
and is a degree 1 invariant
2
, as follows from alulus of lovers. In partiular, 








(), by whih Fat 1, Fat 2 and Fat 3
are respetively the images of Cor. 4.2, Lem. 4.4 and Cor. 4.3.
3. Johnson homomorphism and Birman-Craggs homomorphisms for
homology ylinders
In this setion, the rst Johnson homomorphism and the Birman-Craggs ho-
momorphisms are extended to the monoid of homology ylinders.
3.1. The rst Johnson homomorphism for homology ylinders. In
[GL℄ the notion of Johnson homomorphisms for homology obordisms over 
g;1




, and give the
denition of the rst Johnson homomorphism in both ases.






will denote the k
th













the based loops depited in Fig. 3.1 or their orresponding













; : : : ; y
g
);























) 2 C(), the map i

indues an iso-
morphism at the level of eah nilpotent quotient (by Stallings [St℄). We hoose a
2
In fat,  is a universal degree 1 primitive invariant for homology ylinders. See [Hr, x6.4℄
for a similar invariant, of any degree, for knots in the 3-sphere.































































































(M). Let ? be another base point in , and

















. This isomorphism is independent on the hoie






are ompatible through it. Therefore,
we get a well-dened group denoted by Out(=
3

















































































sends x to xf(x) (with x 2 
()






































homomorphisms [h; ℄ dened for any h 2 H by x
-
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(H), the free Lie Z-algebra on the Z-
module H , and distinguish the boundary ase from the losed ase.
In the boundary ase, as 
()



















(H) ' H 
 L
2
(H), with last one indued by -duality.



















































H an be seen as a subgroup of H 
 L
2

















where  is dened by (x ^ y ^ z) = x
 [y; z℄ + y
 [z; x℄ + z
 [x; y℄. Composing 
























This follows from the fat that
(3.2) 8h 2 H; [h; !℄ = 0 2 L
3















H to the sympleti element !, dened in the introdution.
We now prove that 
1
takes values in the subgroup 
3



































that this property is veried by a representative for 
1
(M) if M is a homology







































































































whih essentially orresponds to f , goes to 0 by the braketting map.












































 !. Sine  (! ^H)  A
g














It also follows from (3.2) that this new  is still injetive. Then, 
3
H=! ^ H an









=[H; ℄. Similarly to the boundary
ase, one shows that 
1
takes values in 
3
H=! ^H .
























but next lemma allows us to go a bit further.
Lemma 3.1. Let (M;K) be a homology ylinder over  together with a loop


























sending [K℄ to [K
G
℄.
This lemma allows us to onlude with the following proposition-denition.





























Indued by the map (3.1), they are alled the rst Johnson homomorphisms.
Remark 3.3. The omposition of 
1





lassial homomorphism dened in [J3℄.


















M is an oriented embedding of the standard genus 4 handlebody
onto N(G), whih is a regular neighborhood of G in M , and where L is the 2-
omponent framed link shown
3
on Fig. 3.2. Through this dieomorphism K
G
goes
to K M n int(N(G)).
Moreover, L is Kirby-equivalent to the 3-omponent link N drawn on the right
part of Fig. 3.2. It turns out that N is a boundary link. More preisely, up to














bounding urves. Therefore, twist along eah of these urves indues the identity










. We then obtain the lemma by a Van-Kampen
type argument. 
3
Blakboard framing onvention is used.




Figure 3.2: A 2-omponents framed link L assoiated to a degree 2 lover in H
4
,
and a Kirby-equivalent boundary link N
3.2. Birman-Craggs homomorphisms for homology ylinders. Birman-
Craggs homomorphisms were dened in [BC℄ and they were enumerated in [J2℄.
Levine also outlined in [Le℄ how they an be extended to homology ylinders. In
this paragraph, we review Birman-Craggs homomorphisms in a self-ontained way.
For this, we use the spin renement of the Goussarov-Habiro theory of nite type
invariants: see Chapter 2 of the present work, x2.
We rst x a little notation. If (M;) is a losed spin 3-manifold, let R(M;) 2
Z
16
denote its Rohlin invariant. If M is a homology sphere, we will denote its
(unique) spin struture by 
0
. Reall from Chapter 2 that surgery along a Y -graph
makes also sense among spin 3-manifolds:

Data: (i) (M;); a losed spin 3-manifold







The following lemma desribes preisely how the Rohlin invariant is modied dur-
ing surgery along a Y -graph.
Lemma 3.4. Let (M;) be a losed spin 3-manifold, and let G be a Y -graph in





































) have been dened in x2:2.




M be the embedding of the genus 3 handlebody,
determined (up to isotopy) by the Y -graph G in M . Then, it follows from Propo-









). Also, aording to equation (2.1) from the proof of Lemma 2.2,


















the trivial Y -graph in S
3
(with ordered























































so that we now restrit ourselves to this ase. By Lemma 2.2 b) (iv), the rhs of






= 1 and is 0 otherwise. The same holds for the lhs
of equation (3.3). Indeed, surgery along a Y -graph with a trivial leaf has no eet
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Poinare sphere whose Rohlin invariant is 8 2 Z
16
. It follows that equation (3.3)
holds in these eight partiular ases. 




. Let j be an oriented embedding of  in S
3
, and let




) be a homology ylinder over . We an then ut S
3
along Im(j),




). We get a new homology




It is shown in Corollary 3.8 of Chapter 2 that the Rohlin invariant is a de-










only depends on the Y
2
-equivalene lass of M (and j). Sup-
pose now we are given a surgery presentation of the Y
2


























Reall that the labels z
(i)
k




























































) 2 Spin() (and the Y
2
-
equivalene lass of M);






























We now distinguish the ase  = 
g
from the ase  = 
g;1
.
In the boundary ase, any spin struture  on 
g;1











. In fat, the spei embeddings of 
g;1
whose images are depited in Fig. 3.3 do suÆe.
? OR=
??
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) is spin-bounding. Conversely, any spin struture on 
g
whih
spin-bounds an be so realized: hoose an appropriate embedding of 
g
among the
partiular ones whose images are shown in Fig. 3.4.
?
=? OR




Two other fats about these strutures still have to be mentioned. First,  2
Spin(
g
) spin-bounds if and only if the Arf invariant (q

) vanishes (see [Ki,
p.36℄). Seond, if f and f
0









then they are idential on the quadrati forms with trivial Arf invariant if and only
if f   f
0
is a multiple of  (see [J2, Lem. 14℄ for a proof
4
of this algebrai fat).
All of our present disussion leads to the following proposition-denition.


























































the lassial Birman-Craggs homomorphisms, as presented by Johnson in [J2℄.
4. Proof of the results
In this setion, we prove the results announed in the introdution.
Conventions 4.1. In the proofs, we will use some spei tehniques of
Habiro. Reall that its alulus of laspers developped in [Hr℄ is based on the
denition of surgery along a basi lasper. So as to be onsistent with our Conven-
tions 2.5, we dene here a basi lover C in a 3-manifold M to be the embedding
into M of the surfae depited on the left part of Fig. 4.1. Surgery along C is de-
ned as the surgery along the 2-omponent framed link shown
5
in the right part of
Fig. 4.1. Then, a basi lover is a basi lasper but with opposite surgery meaning.
Consequently, before using one of the thirteen Habiro's moves, we will have to take
its mirror image.
4
There, the proof is given for a genus g  3, but the same arguments allow us to prove that
this fat also holds for a genus g = 0; 1 or 2.
5
Blakboard framing onvention is used.
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C
Figure 4.1: A basi lover C and the assoiated framed link
4.1. Y -equivalene: proof of Proposition 1.1. Sine surgeries along lovers




















) using a result of Habegger.
For this, we need the following denition. Let k  0 be an integer, a homology
handlebody of genus k is a pair (M; i) where
(i) M is a ompat oriented 3-manifold whose integral homology groups are
isomorphi to those of H
k
, the standard genus k handlebody;





M is an oriented embedding with image M .



















































) are Y -equivalent.








). We also de-
note by (H
2g













produes a genus 2g homology
handlebody (M; i), by dening i : 
2g
-
M to be the dieomorphism obtained




. Suppose now thatM is a homology ylinder. Proving
that the homology handlebody (M; i) is Y -equivalent to (H
2g
; j) will imply that
the homology ylinder M is Y -equivalent to (
g;1
 I; Id; Id).
For this, let x

1






; : : : ; y

g
be some disjoint proper ars in 
g;1
, whih are
\dual" to the loops x
1




; : : : ; y
g











) one but does not interset the other loops. For











I are diss in 
g;1













is spanned by X
1




; : : : ; Y
g












 1) in 
2g
.
Therefore, sine M is a homology ylinder, i (X
k
) and i (Y
k
) are nul-homologous










(M) has to be of dimension 2g, it
is spanned by X
1




; : : : ; Y
g
. It follows from Th. 4.2 that (M; i) is
Y -equivalent to (H
2g




















embedding and let D  
g
be its omplementary disk. Take a homology obordism


























M an be strethed to an embedding DI

-
M . The latter allows
us to attah the 2-handle D I to M . This results in a homology ylinder over 
g
.
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whih is obviously surjetive. Let M 2 HC (
g
), and pik a N 2 C (
g;1
) suh
that M is a lling-up of N . Then, N has to be a homology ylinder and so is
Y -equivalent to 1

g;1




), whih ompletes the proof
of Proposition 1.1.
4.2. The boundary ase: proof of Theorem 1.3. Reall from Example
2.1 that the Abelian group A
1
(H; 0) an be identied with 
3




































be the map given by multiplying the












. Then,  is a well-dened
isomorphism.
Proof. The fat that  is well-dened is lear. In order to show that  is an














that  Æ  is the identity.




















: for k = 1; 2; 3 and j
1
; : : : ; j
k









































































































pairwise distint). The map  is surjetive by the multilinearity and
slide relations, and obviously satises  Æ  = Id. 













are the anonial projetions of the pullbak of speial Abelian groups











They happen to be surjetive.































(Y )) = A
1









(P ). We putM =  
1





where G is an appropriate
Y -graph as desribed in x2.3. Its leaves are in partiular ordered and oriented,















let y 2 =
3
be represented by y 2 : we want to ompute 
1
(M) on y. This
goes as follows: hoose an immersed based urve k in 
+
g;1










whih is a push-o of k, and nd another based knot K
0
 M in a ollar


















2 , and by Lemma
3.1, the result 
1











n G, K an be pushed down in a ollar of 
 
g;1
up to some \ngers"
whih are of two types (see Fig. 4.2):
(i) the nger is pointing on an edge of G,









Figure 4.2: Pushing the urve K down the ylinder
But, eah nger of type (i) an be isotoped along the orresponding edge towards
its leaf and so an be replaed by two ngers of type (ii), so that up to some isotopy
of the immersed urve k in 
+
g;1
, we an suppose eah nger to be of type (ii). Sine
K
i
has been oriented, eah nger omes with a sign. Let k
i











) 2 H . We an suppose that K
i
is a push-o of
k
i
(with possibly an additional twist): there are then as many ngers as intersetion
points of k
i
with k in 
+
g;1
; the sign of the nger orresponds with the sign of the
intersetion point ontributing to [k℄  [k
i
℄ 2 Z.
A nger move an be realized by surgery on a basi lover. Let K
0
be a opy of K


















nG, suh that eah C
(i)
j
has a simple leaf whih laesK
0
and another simple
leaf wih laes the leaf K
i
, and suh that:

















Aording to the sign of the orresponding nger, eah basi lover omes with a
sign denoted by "(i; j). Cutting the leaf K
1





new Y -graphs G
(1)
j
(j 2 f1; : : : ; n
1








, and the third leaf forms with a leaf of C
(1)
j
the Hopf-link. Hene, by






we obtain a new
Y -graph still denoted by G
(i)
j






































, one an suppose that, for
eah (i; j), the whole of G
(i)
j
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do the surgery along G, and then along eah of the G
(i)
j
: the latter does not modify
the 3-manifold M but hanges the knot. The new knot we obtain is still denoted
by K
0
and satises the announed required properties.
We now alulate the y
0
2  dened by K
0
. In view of Habiro's move 10, the
ontribution of eah Y -graph G
(1)
j
to the modiation of K
0

















































































H , and so to A
1
(p)(Y ). 
































Proof. Aording to the denition of  we gave in Proposition 3.5, this is a
diret onsequene of equation (3.4). 


























the maps whih appear in the pullbak diagram for P (see x2.2). Then, as a on-





















. Sine  
1



































































appearing in x1.3. By the universal property of the
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The following lemma will be the nal step in proving Theorem 1.3.















Assume Lemma 4.6. Then, from the previous ommutative diagram, it follows
that  
1
is injetive, and so is an isomorphism: as a onsequene, the same holds
for (
1



































follows from Remark 3.3 and Remark 3.6. In partiular, when g  3, C is an
isomorphism beause (
1
















is so by [J4℄.

















suh that  Æ  is the identity.





of H : we have seen in the proof of Lemma 4.3 that this hoie


















































































); (0; 1); (0; 1)

, with 1  i  2g,
(iv) and (1) = Y

(0; 1); (0; 1); (0; 1)

.
Here, elements of P are denoted as in Remark 2.3. This assignation well denes 
beause (i) determines  on a basis of the free group 
3
H , while (ii),(iii) and (iv)
assign elements of A
1




















(P ). For i = 1; 2; 3, z
i
2 P an be written as a linear




) and (0; 1). The multilinearity, AS and slide relation






℄ is realized by . Thus,  is surjetive. 
















is dened formally in the same way as in the boundary ase (see Lemma 4.6). Reall





































); z℄ ; where z is any element of P:
Lemma 4.7. In the losed ase, the surgery map  
1




As mentioned in the introdution, these sympleti relations 
 1
(S) appears in [Hr℄
for higher degrees.











































partiular, f bounds the push-o of 
+
g
nD whih is an embedded genus g surfae.
By applying Habiro's moves 7 and 5, f an be split in g piees so that G is equivalent
to the union of g basi lovers denoted by G
1
; : : : ; G
g






Figure 4.3: Splitting the null-homologous leaf f
has a leaf whih bounds a genus 1 surfae; by applying Habiro's move 10, it is seen to
be equivalent to a Y -graph G
0
i




































Equation (4.2) then follows. 
By the same arguments, appropriate versions of Lemma 4.4 and Lemma 4.5








(e) =  Æ  
1





























































from whih it follows that  
1
, and then (
1
; ), are isomorphisms. The ommuta-
tivity of the right triangle in Th. 1.4 is still given by Rem. 3.3 and Rem. 3.6.
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4.4. Finite type invariants of degree 1: proof of Corollary 1.5. The
equivalene (a),(b) immediately results from the existene of the universal degree
one additive invariant  introdued in Remark 2.7. The equivalene (),(a) is a
diret onsequene of Theorem 1.4 and Theorem 1.3.
4.5. From the boundary ase to the losed ase. In this last paragraph,


















and P orresponding to 
g;1
with those of 
g
.






be an embedding suh that j

=  at the level of
H
1





























The latter an be veried to be independent on the hoie of the embedding j suh
that j


































































































































Fontions quadratiques et invariants de type ni
des Spin

-varietes fermees de dimension 3
En ollaboration ave Florian Deloup.
1. Introdution
Ever sine the beginning of algebrai topology, quadrati funtions have played
a prominent role. This hapter is an attempt to study systematially the role of
quadrati funtions in 3-dimensional topology, at least in the ase of losed oriented
3-manifolds.
The rst part (x2) of the hapter is entirely algebrai and is devoted to the
study of quadrati funtions on torsion Abelian groups. A quadrati funtion
on a torsion Abelian group G is a funtion q : G ! Q=Z suh that the map
b
q
: (x; y) 7! q(x + y)   q(x)   q(y) is bilinear. If b
q
is a nondegenerate bilinear
pairing, we say that q is a nondegenerate quadrati funtion. Beause of 2-torsion
in G, a quadrati funtion q annot be reovered from its assoiated bilinear pairing
b
q
in general. Therefore, the theory of quadrati funtions is ner than the theory
of symmetri bilinear pairings.
For nite Abelian groups, only the latter are lassied ([W1℄ over odd p-groups,
and [KK℄ over 2-groups). Note that our denition inludes quadrati funtions
that are not homogeneous, that is, that do not satisfy q(x) = q( x). It is there-
fore natural, for a quadrati funtion q, to onsider the homogeneity defet d
q
2
Hom(G;Q=Z), dened by d
q
(x) = q(x)   q( x). When G is nite, an invariant







2 C . Our main result is the following one.




! Q=Z be two nondegenerate
quadrati funtions on nite Abelian groups. Then q is isomorphi to q
0
if and only



















Turning to topology in x3, we then onsider losed oriented 3-manifolds and
some additional strutures with whih they an be endowed, alled omplex spin
strutures or Spin

-strutures. They are related to spin strutures in the sense that
if M is a losed oriented 3-manifold, there is then a anonial map Spin(M) !
Spin

(M), from the spae of its Spin-strutures to the spae of its Spin

-strutures.
Complex spin strutures are also worth to be taking into aount in 3-dimensional
topology, at least beause they are in natural orrespondane with so-alled Euler
93
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strutures, whih have been introdued by Turaev in order to rene Reidemeister
torsions.
We give here a general homotopy-theoritial treatment of Spin

-strutures (fol-
lowing that of Spin-strutures given in [BM℄). Having in mind the importane of
\ut and paste" tehniques in 3-dimensional topology, we deal with the tehnial
problem of gluing Spin

-strutures. For that aim, we dene for any ompat ori-
ented 3-manifold with boundary and any Spin-struture  on M , a spae denoted
by Spin

(M;), of omplex spin strutures on M relative to  (see Theorem 3.10).
We also desribe how Spin

-manifolds an be presented by surgery on S
3
and we
give the orresponding Spin

-renement of Kirby's theorem.
We then relate in x4 algebra to topology, quadrati funtions to losed Spin

-
manifolds of dimension 3. By means of that Spin

-renement of Kirby's theorem,
we assoiate to an arbitrary losed Spin






















(M) ! Q=Z be the torsion linking pairing of M , where
TH
1







, where B :
H
2
(M ;Q=Z) ! TH
1
(M) is the Bokstein homomorphism assoiated to the short





) is nondegenerate if and only if M is a rational homology 3-sphere.
When  omes from a spin struture, the quadrati funtion 
M;
turns out to
be equivalent with previous works ([LL℄, [MS℄, [T2℄). More generally, when  is
torsion (whih means that its Chern lass () 2 H
2
(M) is torsion), 
M;
fatorizes






over the torsion linking pairing 
M
and then oinides with analogous onstrutions
from [Gi℄ (see also [De3℄) and [LW℄.
We then show that for a given losed oriented 3-manifoldM , the Spin

-strutures
on M are determined by their orresponding quadrati funtions.
Theorem 2. Let M be a losed onneted oriented 3-manifold. Then, the map
[ 7! 
M;








We also identify the okernel of 
M
(Theorem 4.10 and x4.3). Via the map 
M
,
topologial notions an be put in orrespondane with algebrai notions. For in-







When  is identied with an Euler struture, a geometri intrinsi formula (making
no referene to the dimension 4) for the quadrati funtion 
M;
is given. When M
is a rational homology sphere, 
M;
an be reovered from the Reidemeister-Turaev
torsion (Theorem 4.17).
In the nal part (x5) of the paper, we apply the previous to solve a problem
related to the Goussarov-Habiro theory for ompat oriented 3-manifolds. Their
nite type invariants theory (developped in [Go℄, [Hr℄ and [GGP℄) is based on an
elementary move alled Y -surgery. The Y -equivalene, whih is dened to be the
surgery equivalene relation generated by this move, is then of ruial and basi
importane in the Goussarov-Habiro theory, sine two manifolds are Y -equivalent if
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and only if they are not distinguished by degree 0 nite type invariants. It has been
haraterized in the losed ase by Matveev, who showed in [Mt℄ that two losed
oriented onneted 3-manifolds are Y -equivalent if and only if they have idential
rst Betti numbers and isomorphi torsion linking pairings. We have introdued
in Chapter 2 a non-trivial Spin-renement of the Goussarov-Habiro theory and we
have haraterized degree 0 invariants of Spin-manifolds by rening that theorem
of Matveev.
Using the gluing tehniques developped in x3, we show that Y -surgeries make
also sense for Spin

-manifolds, and generate a surgery equivalene relation among
them alled Y

-equivalene. There exists then a Spin

-renement of the Goussarov-
Habiro theory, the degree 0 invariants of whih are haraterized in the losed ase
by the following renement of Matveev's theorem.




) be two losed onneted oriented 3-
































































) for any pair (s; s
0
) of ompatible se-






















(M ;Q=Z) is the isomorphism dual to  














whih are right nonsingular. In assertion (3), P stands for a Poinare duality































The equivalene between assertions (2) and (3) will be derived from Theorem 1.
The ase of rational homology 3-spheres deserves to be singled out. Indeed, if
M is an oriented rational homology 3-sphere, any  2 Spin

(M) is then torsion
and, aording to what has been said above, 
M;
an be regarded as a quadrati
funtion H
1
(M) ! Q=Z over 
M
. In that ase, Theorem 3 speializes to:




) be two oriented rational homology 3-
spheres with omplex spin strutures. The following assertions are then equivalent:
(1) the Spin
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It follows also from Theorem 3 and from Theorem 1.1 of Chap. 2 that, although
the anonial map Spin(M)! Spin

(M) needs not be injetive, the Spin-renement
of Goussarov-Habiro theory embeds in degree 0 into its Spin

-renement.
2. Quadrati funtions on torsion Abelian groups
Let us x a few onventions. Given an Abelian group M , TM denotes the
subgroup of M onsisting of all torsion elements. If M and N are two Abelian
groups, Hom(M;N) denotes the Abelian group of all homomorphisms M ! N . A
set X on whih M ats freely and transitively is an aÆne spae over M . For
suh ations, the left multipliative notation is used. Any bilinear pairing b :
M M
0
! N , where M; M
0












! Hom(M;N)), dened by

b




(y)(x) = b(x; y)), x 2 M; y 2 M
0
. In the ase when
M =M
0










If M is a free Abelian group, we set C
M
= Z; if M is a Q -vetor spae, we set
C
M
= Q ; if M is a torsion Abelian group, we set C
M
= Q=Z. In suh ases, it is





2.1. Basi notions about quadrati funtions. Let M and N be Abelian
groups. A quadrati funtion onM with values in N is a map q :M ! N suh that
the formula b
q
(x; y) = q(x+y) q(x) q(y), x; y 2M , denes a symmetri bilinear
pairing b
q
:MM ! N , alled the assoiated bilinear pairing. Note that aording
to the denition we adopt in this hapter, any quadrati funtion q satises q(0) = 0.
In the ase when q satises the additional property that q(rx) = r
2
q(x) for all
x 2 M , r 2 Z, we say that q is homogeneous. To eah quadrati funtion q, we
assoiate an element d
q
2 Hom(M;N), alled the homogeneity defet and dened
by d
q
(x) = q(x)   q( x), x 2 M . Clearly, q is homogeneous if and only if d
q
= 0.





: M ! Hom(M;N) is injetive (resp. bijetive). If M is a
nite Abelian group and N = C
M
= Q=Z, q is nondegenerate if and only if q is
nonsingular.
A quadrati funtion q :M ! N is a quadrati funtion over b :M M ! N
if b
q
= b. Denote by Quad(b) the set of quadrati funtions over b. The Abelian
group Hom(M;N) ats freely and transitively on Quad(b) by addition. Thus, if b
is nonsingular then Quad(b) is an aÆne spae over M with ation dened by:
  q = q +
b
b();  2M:
It follows that, in that ase, Quad(b) and M are equipotent.
Let  :M
0







! N to be the symmetri bilinear pairing dened by  

b(x; y) = b( (x);  (y))
for all x; y 2 M
0







q(x) = q( (x)) for all x 2 M
0
. We say that two symmetri bilinear pairings
b; b
0
(resp. two quadrati funtions q, q
0
) dened on M and M
0
with values in N
are isomorphi, and we write b  b
0
(resp. q  q
0
), if there exists an isomorphism
 : M
0








). An isomorphism  : M
0
! M
indues a bijetive orrespondene between Quad(b) and Quad( 

b). In partiular,
the subgroup Iso(b) of automorphisms of M preserving b ats on Quad(b):   q =
 

q. The relation between the ation of Hom(M;N) and the ation of Iso(b) on
Quad(b) is the key to the problem of lassiation of quadrati funtions.
2.2. Presentations of quadrati funtions.
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2.2.1. Latties and their harateristi forms. A lattie M is a nitely gen-
erated free Abelian group. A (symmetri) bilinear lattie (M; f) is a symmetri
bilinear form f : M M ! Z on a lattie M . Then M 
 Q is a Q -vetor spae
whih we denote by V . Any bilinear lattie (M; f) gives rise by extension of salars
to a bilinear pairing f
Q
: V  V ! Q . Let M
℄
= fx 2 V : f
Q
(x;M)  Zg be the
dual lattie for (M; f). Clearly M  M
℄
. More generally, for any subgroup N of
V , we an dene N
℄
= fx 2 V : f
Q
(x;N)  Zg.
A frational (resp. integral) Wu lass for (M; f) is an element v 2 V (resp. an
element v 2M) suh that:
8x 2M; f(x; x)  f
Q
(w; x) 2 2Z:
The set of frational (resp. integral) Wu lasses is denoted by Wu
Q
(f) (resp.








A harateristi form for f is an element  2M

satisfying:
8x 2M; f(x; x)   (x) 2 2Z:
The set Char(f) of harateristi forms for f is an aÆne spae over Hom(M; 2Z).
















Proof. f nondegenerate means
b





















f is a nitely generated free Abelian group.



































M ! Z is the nondegenerate pairing indued by f .













! Char(f) indued by








Proof. Sine p Æ s = Id

M

















 Char (f), and that: s







Lemma 2.3. Every symmetri bilinear lattie (M; f) has a harateristi form.
Proof. Aording to Lemma 2.2, we an suppose that f is nondegenerate. In
the nondegenerate ase, it is shown in [LW, Lemma 1.6 (i)℄ that any (M; f) admits
an integral Wu lass. 
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2.2.2. The disriminant onstrution. Suppose we are given a bilinear lattie
















([x℄; [y℄) = f
Q







































is nondegenerate if and only if f is nondegenerate.





























It follows that the symmetri bilinear form L
f












= 0 i f is unimodular.
Suppose next that (M; f; ) is a bilinear lattie equipped with a harateristi
form  2 M





! Q the linear extension of  . We assoiate to


















(x)) mod Z; x 2M
℄
:














(x) mod Z; x 2M
℄
:
Definition 2.4. The triple (M; f; ) is said to be a presentation of the qua-
drati funtion 
f;
on the torsion Abelian group G
f





) is alled the disriminant onstrution.
Lemma 2.5. The disriminant onstrution preserves orthogonal sums.





ate) quadrati funtion over 
f
if and only if  an be taken to be the image of a
frational Wu lass.











) ' Quad (L
f
) :
This partiular ase oinides with the usual disriminant onstrution, as presented
for example in [De2, x1.2.1℄.
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! Q=Z dened by (; x) 7! 
Q











! Q=Z is left nonde-
generate (respetively left nonsingular if and only if f is nondegenerate) and right
nonsingular.
For the proof of Lemma 2.7, two points have to be observed. First, by (2:3),
any homomorphism Ker
b























the orresponding map. Seond, the following lemma holds.














f is free, the inlusion Ker
b






























same rank as Coker
b
f , onsists of all torsion elements. 
























































The rst row is given by Lemma 2.8. The seond row is obtained from the short
exat sequene (2:4) by applying the exat funtor Hom( ;Q=Z). As follows eas-
ily from denitions, that diagram is ommutative. Then, by the \snake lemma",
Ker

h ; i is isomorphi to Ker j
f
. The homomorphism j
f
is essentially the map
 












(if k is the rank of Ker
b
f), whih is essentially itself the k-fold produt of the
anonial map Z! Hom(Q=Z;Q=Z) dened by 1 7! Id
Q=Z
. The latter is injetive,
so is the map

h ; i.
We now prove that the braket is left nonsingular if and only if f is nondegenerate.
By the above diagram, the map

h ; i is bijetive if and only if Coker j
f
= 0.
Thus, it suÆes to show that the anonial map Z! Hom(Q=Z;Q=Z) dened by
1 7! Id
Q=Z
is not surjetive. Let A
p
denote the subgroup of Q=Z onsisting of all
elements m=p
k
(mod 1), m 2 Z; k 2 N . The Chinese remainder theorem implies





















;Q=Z) = Hom(Q=Z;Q=Z) does not ome from Z.











lies in the kernel if and only if 
Q
(x) = 0 mod Z for all  2M

. Clearly,
this implies that x 2M , thus [x℄ = 0.
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We now prove that the right adjoint map is surjetive. Consider the anonial
isomorphism V ! V

; v 7! h ; vi. This map sends M
℄





f(M); wi  Zg whih is a subgroup of V

. The group N
0















indues a map Coker
b









, whih is obviously surjetive (sine M

is Z-free).






lifts to an element x 2 N
0
 N where x =
h ; vi for some v 2 M
℄
. Thus ' = h ; [v℄i. 








depends on  only mod 2
b







freely and transitively on Char(f)=2
b
f(M) by:




;  2 Char(f):
The next theorem is the main result of this setion.
Theorem 2.9. The map [℄ 7! 
f;





































and given q 2 Quad(L
f
), q belongs to Im 
f





belongs to Im j
f
.
Corollaire 2.1. The map 
f
is bijetive if and only if f is nondegenerate.
Proof of Theorem 2:9. Let us prove that the map 
f
is indeed aÆne over
the homomorphism stated above. Let  2 M




















The fat that 
f




h ; i is also determined from the ommutative diagram drawn in the proof of
Lemma 2.7. We have Coker

h ; i ' Coker j
f
.
Finally we prove the last statement of the theorem. The homomorphism whih




















































Conversely, let q 2 Quad(L
f







. Pik a  2 Char(f).



















h ; i ' Coker j
f
; there is an element [℄ 2 Coker
b
f suh that q   
f;
=
h[℄; i. Sine the map 
f
is aÆne over Coker
b
f ,! Hom (G
f
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2.3. The stable lassiation theorem. The goal here is to generalize a
result due to Wall and Durfee ([W2, Corollary 1℄ and [Du, Corollary 4.2.(ii)℄). We
dene a natural notion of stable equivalene on latties equipped with a harater-
isti form. The resulting stable lassiation problem is shown to be equivalent to
the lassiation of the quadrati funtions indued by the disriminant onstru-
tion (x2.2).
There is a natural notion of isomorphism among triples (M; f; ) dened by







) are isomorphi if there is an isomorphism  : M !M
0









=  mod 2
b
f(M). All suh triples form a monoid for the orthogonal






) are said to be stably equivalent if
they beome isomorphi after stabilizations with some unimodular latties, that is,




















equipped with harateristi forms s and s
0
respetively. Beause, as we have
seen in x2.2, unimodular latties indue trivial disriminant bilinear forms and
quadrati funtions, a stable equivalene between two triples indue an isomorphism
of the orresponding quadrati funtions. We are interested in whether the onverse
holds and to whih extent. In fat, a positive answer is provided in the ase of
nondegenerate latties.







) equipped with harateristi forms are stably equivalent if and only

































Proof. This is proved in [LW, x1.7.3℄ whih relies on [W2℄. 
In the general ase, we have to deal with the potential degeneray of latties.




















In fat, the simplest ounterexample is given by the degenerate bilinear lattie





any automorphism of Q=Z is an automorphism of the degenerate quadrati funtion
(Q=Z; 0). However, not every automorphism of Q=Z lifts to an automorphism of
Q .









































is injetive (but not surjetive, unless f; f
0
are nondegenerate: see Lemma 2.13
below). We now state the main theorem of this setion.






) be some bilinear latties with
harateristi forms. Then, they are stably equivalent if and only if their assoi-














































) lifts to a stable equivalene between
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) denote bilinear latties with harater-






























f . Furthermore, if  ([℄) = [
0













































































where the two exat rows are given by Lemma 2.8 and where [ ℄ is indued by  























f whih is taken to be  
℄











































sine  ([℄) = [
0
℄. 





). Then, the following assertions are equiv-
alent:











































and 	 =  
℄

































(2) =) (1): A homomorphism y : G
f
0





















! Z. This follows from the ommutative diagram in
the proof of Lemma 2.7 (sine Coker

h ; i ' Coker j
f
0
). Thus, by hypothesis,
for any x 2 Coker
b















It also follows that the assignation  : x 7!  (x) is additive, and that  is in fat
an isomorphism (sine 	 is bijetive). By onstrution,  is suh that 	 =  
℄
. 
Proof of Theorem 2.11. The nondegenerate ase is treated by Proposition
2.10. Consider now the general ase. Let s be a stable equivalene between latties,



















) and (U; g; u) are unimodular latties. The












sine unimodular latties indue trivial quadrati funtions.







is easily veried that  
℄
= 	.
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. Then, the homo-









Æ 	. Sine 	 =  
℄
, it follows
from (2.5) that  ([℄) = [
0







































be the nondegenerate lattie indued by f (see (2.1)), and pik a
setion s of the anonial projetion p : M !

M . Lemma 2.2 yields a harateristi





































































































































Æ  j = 

f;
. Sine these quadrati funtions are nondegenerate, Proposition




















Hene nally, there is a stable equivalene between:


















































where the isomorphisms are respetively indued by the setions s and s
0
. By





indued by this stable equivalene is
exatly 	. 
Consider two bilinear forms, denoted 1, dened on Z by (1; 1) 7! 1, and
both equipped with the Wu lass 1 2 Z. For n 2 N , we denote by n(Z;1; 1) the
n-fold orthogonal sum of (Z;1; 1).






) be some bilinear latties equipped













are isomorphi if and only if there exists n; n
0










Proof. One diretion is obvious. For the onverse, we apply Theorem 2.11.




), equipped with harateristi
forms s and s
0
respetively, suh that there is an isomorphism  sending (M; f; )












). By stabilizing if neessary with (Z; 1) and




. Then a theorem asserts that (U; g) is isomorphi to an orthogonal
sum of opies of (Z; 1) and (Z; 1) [Se℄. It follows that (U; g; s) is isomorphi to a
sum of opies of (Z; 1; 1) and (Z; 1; 1). (Here we use the fat that any odd integer
a 2 Z indues a harateristi form for (Z;1) and any suh triple (Z;1; a) is








i.e. g takes both positive and negative values.
2
even means that g(u; u) 2 2Z for all u 2 U .








EES DE DIMENSION 3






) involving only a
stabilization with opies of (Z; 1; 1) and (Z; 1; 1), whih is the desired result. 
Remark 2.15. This is a generalization of [De2, Lemma 2.1(b)℄ (whose proof
ontains a misprint).
2.4. A omplete system of invariants. We present a omplete system of
invariants for nondegenerate quadrati funtions on nite Abelian groups.
Let q : G! Q=Z be a nondegenerate quadrati funtion on a nite Abelian group












An important observation is the relation:
(2.7) (  q) = e
 2iq()
(q);  2 G:
Reall that b
q





geneity defet. The following result is the main result of this setion.





! Q=Z on nite Abelian groups are isomorphi if and only if there is an
isomorphism  : G! G
0

















Corollary 2.17. Two nondegenerate homogeneous quadrati funtions q :




! Q=Z on nite Abelian groups are isomorphi if and only
if there is an isomorphism  : G! G
0










That two isomorphi quadrati funtions have same Gauss sums and isomorphi
assoiated bilinear pairings and assoiated homomorphisms is obvious. The diÆult
part lies in the onverse. The key step is the following lemma.
Lemma 2.18 (Fundamental Lemma). Let q : G ! Q=Z be a nondegenerate
quadrati funtion on a nite Abelian group. If  2 G is an element of order 2
suh that q() = 0, then   q  q.






 (x) = b
q




 denotes the usual inlusion of Z
2




G 3    =

 if  = 1;















sine 2 = 0.
Let now  : G! G be the map dened by  (x) = x+ (x)   for all x 2 G. As 
is a homomorphism,  is an endomorphism of G. Furthermore,  is an involution
sine for any x 2 G, we have
 
2
(x) =  (x+ (x)  )
= x+ (x)  + ((x) + ((x)  ))  
= x+ 0 + ((x)())  
= x:
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Last identity follows from the fat that
1
2
 () = b
q
(; ) = q(2)   2q() = 0.
Lastly, for any x 2 G, we have
q ( (x)) = q (x+ (x)  )
= q(x) + q ((x)  ) + b
q
(x; (x)  )




= (  q) (x):
Therefore, q is isomorphi to   q via the involution  . 













and (q) = (q
0
) and then show that q  q
0





implies (f. x2.1) that q
0






2 = 0. The equality (q) = (q
0
), together with (2:7) imply that q() = 0. Hene
Lemma 2.18 applies. 
For further use, we need a version of Theorem 2.16 whih allows for some
degeneray.

































where the extension of A by B is split. Then the extension of A
0
is also split.
Proof. Let [ ℄ : B ! B
0
be the isomorphism indued by  . Let also s : B !
G be a setion of p. Then s
0
=  Æ s Æ [ ℄
 1
is a setion of p
0
. 





respetively are said  -ompatible, or simply ompatible, if they are related





















Let now q : G ! Q=Z be a quadrati funtion on a Abelian group. Then, G








. We shall say















Example 2.21. Let (M; f; ) be a bilinear lattie equipped with a harateristi




) meets the niteness ondition sine
the short exat sequene (2.4) is split (a setion of its is indued by any setion of
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! Q=Z be two quadrati
funtions on Abelian groups satisfying the niteness ondition. Then, they are
isomorphi if and only if there is an isomorphism  : G! G
0







































: they are nondegenerate quadrati
funtions on nite Abelian groups. Let  
1



























































































3. 3-manifolds with omplex spin strutures
We now give a treatment of Spin

-manifolds. We begin by some generalities
and then speialize our exposition to the dimension 3.
3.1. Complex spin strutures. The homotopy-theoritial exposition of Spin

-
strutures we give here, follows mutatis mutandis from an analogous desription of
Spin-strutures given by Blanhet and Masbaum in [BM℄.
We rst x a few onventions. Vetor bundles will be stabilized from left. If
G is a group, !
G
: EG ! BG will denote the universal prinipal G-bundle. The
map indued by a bundle morphism F on the base spaes is denoted by the orre-
sponding lower ase letter f . All manifolds are assumed to be ompat, smooth and
oriented. The real interval [0; 1℄ will be denoted by I . Unless otherwise speied,
all (o)homology groups are assumed to be with integer oeÆients.
3.1.1. The Spin


























where j sends z to [(1; z)℄, and where  sends [(x; z)℄ to (x). From this, we obtain









the universal stable oriented vetor bundle over BSO, and by 
Spin

the pull-bak of 
SO
by B. Analogously, for any n  1, starting from SO(n) we





-strutures. Let M be a n-manifold (assumed to be ompat





(resp. and stable) tangent bundle.
Definition 3.1. A rigid Spin







whih is orientation-preserving on eah ber. A Spin

-struture
(or omplex spin struture) on M is a homotopy lass of rigid Spin

-strutures
on M . We denote by Spin

r
(M) the set of rigid Spin

-strutures on M , and by
Spin

(M) the set of its Spin

-strutures.
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In the sequel, the letter  will stand for a Bokstein homomorphism assoiated














Proposition 3.2. The manifold M an be given a Spin

-struture if and only








(M) is the seond Stiefel-Whitney lass of M . If so, Spin

(M)
is an aÆne spae over the Abelian group H
2
(M).
We use the multipliative notation to denote this aÆne ation. Thus, when




(M), the unique h 2 H
2
(M) suh that 
0
= h  
is denoted by 
0
=.





is a rigid Spin

-










. At the level of base spaes, f : M ! BSO
is a lassifying map for 
M
and g : M ! BSpin





, the rigid Spin

-struture G on M is equivalent to the data
(F; g) where:




is a morphism of oriented vetor bundles,
(2) g is a lift of f by B.
Thus, giving us a Spin

-struture on M is equivalent to giving us a homotopy lass









is ar onneted and ontratible (see for instane [Hu, Ch. 7, Prop. 3.3℄ and
[Hu, Ch. 7, Th. 3.4℄). It an then be dedued from these two fats that giving
us a Spin

-struture on M is the same as giving us a lift g of f by B, up to
lift homotopy. This useful observation allows us to apply usual obstrution theory
to the bration B : BSpin

! BSO. This is a prinipal bration with ber





The proposition then follows. 
Let us now explain why our denition of Spin

-strutures agrees with the usual
one.
Lemma 3.3. Suppose that M omes equipped with a Riemannian metri and
denote by F
M
the bundle of its oriented orthonormal frames. Then a Spin

-struture
on M is equivalent to an isomorphism lass of pairs (;H), where  is a prinipal
Spin

(n)-bundle and where H : =U(1) ! F
M
is an isomorphism of prinipal
SO(n)-bundles.
Proof. Let (;H) be suh a pair: let us prove that it determines a rigid
Spin

-struture G on M by showing that it determines an equivalent data (F; g),






















G indues a morphism =U(1) ! !
SO
; by










F then indues a




. We put g := ~g, indued by
~
G at the level of base spaes.
Then, the assignation (;H) 7! (F; g)  G indues the announed orrespondane
between the two denitions of Spin

-strutures. 
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3.1.3. Relative Spin

-strutures. Suppose in this paragraph that M is a n-
manifold with non-empty boundary. We orient M with the \outward normal
vetor rst" rule; then sine vetor bundles are stabilized from left, the bundle 
M
















-struture on M relative
to s is a homotopy lass rel M of rigid Spin

-strutures on M whih extend s. We
denote by Spin

(M; s) the set of suh strutures.
Obstrution theory an again be applied to obtain the following relative analog
of Proposition 3.2:
Proposition 3.5. Let s 2 Spin

r
(M) be xed. Then, s an be extended to M
if and only if a ertain ohomology lass:
w(M; s) 2 H
3
(M;M)
vanishes. If so, Spin

(M; s) is an aÆne H
2
(M;M)-spae. Furthermore, the re-





3.1.4. Orientation reversal. We denote by  M the manifold obtained from M





















in the diretion of the rst stabilization.
Suppose that M 6= ? and let s 2 Spin

r
(M). Pik a nonsingular setion v
of 
M
extending the outward normal vetor eld on M (v is well-dened up to















(M;M)-equivariant. It does not depend on v.
3.1.5. From Spin to Spin

. Replaing Spin by Spin

in what has been previously
done, we an analogously dene rigid Spin-strutures and reover the usual Spin-
strutures: see [BM℄
3
for details. In partiular, the bundle 
Spin
is dened to be
the pull-bak of 
SO














where the morphism  is dened by (x) = [(x; 1)℄. We then have B = B Æ B





, dened in the
obvious way.



















If now M has non-empty boundary and if s 2 Spin
r







Rigid Spin-strutures are alled \w
2
-strutures" in [BM℄. Following this terminology, our
rigid Spin

-strutures might have been alled \w
2
-strutures".
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3.1.6. Chern lasses. Let M be a n-manifold and let  2 Spin

(M). Beause
of the group homomorphism Spin

(n) ! U(1) dened by [(x; y)℄ 7! y
2
and sine
 indues an isomorphism lass of prinipal Spin

(n)-bundles over M (by Lemma
3.3),  then determines an isomorphism lass of prinipal U(1)-bundles. We denote
by () its rst Chern lass.
Definition 3.6. The lass () 2 H
2
(M) is alled the Chern lass of the
Spin

-struture . When () 2 TH
2





-struture  is said to be torsion.











(M) dened by: x 7! x
2
. It follows that  2 Spin

(M)
omes from Spin(M) by the map  dened at x3.1.5 if and only if () = 0.
3.2. Spin

-strutures in dimension 3. We now give a more spei treat-
ment of Spin

-strutures in dimension 3. Manifolds are still supposed to be smooth






3.2.1. About SO(3), Spin(3) and Spin

(3). Let H be the quaternion algebra:
H = fq = a+ b  i+   j + d  k : a; b; ; d 2 Rg
and let R
3
be the subspae of pure quaternions: R
3
= R  i + R  j + R  k. The
multipliative group of unitary quaternions S
3









= 1g an be identied with SU(2) by:
q = a+ b:i+ :j + d:k 7!

a+ b:i  d+ :i
d+ :i a  b:i

We then dene an homomorphism  : SU(2) ! SO(3), sending a unitary quater-








The map  is a onneted two-fold overing. Hene we an put Spin(3) = SU(2).






sending [(A; z)℄ to zA, we an then also put: Spin

(3) = U(2).
Remark 3.8. The anonial homomorphism  : Spin(3) ! Spin

(3) (x3.1.5)
orresponds to the usual inlusion SU(2) ,! U(2), while the short exat sequene
involving the groups U(1), Spin























. Finally, the anonial
homomormorphism Spin

(3)! U(1) (x3.1.6) is the determinant map det : U(2)!
U(1).
4
Reall that the left multipliative notation is used for aÆne ations.
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Here, SO(2) embeds into SO(3) by A 7! (1)  A, and U(1) into U(2) by: A 7!
A (1).
Proof. It is a short, straightforward alulation. 
3.2.2. Relative Spin

-strutures in dimension 3. In the previous setion, rigid
strutures have naturally appeared as representatives for some homotopy lasses.
However, rigid Spin

-strutures and so, relative Spin

-strutures as they were de-
ned, are not a natural objet from a geometri-topologial viewpoint. In dimension
3, this an be partially orreted.






































Definition 3.11. Theorem 3.10 allows us to assoiate to any 3-manifold M
with boundary and any  2 Spin(M), the spae of Spin

-strutures on M relative




it is an aÆne H
2
(M;M)-spae.
Example 3.12. Let us onsider the partiular ase when M is a disjoint
union of tori. The torus T
2
has a distinguished Spin-struture: that one whih is
indued by its Lie group struture, we denote it by 
0












in anonial bijetion with the spae of relative Spin

-strutures dened by Turaev
in [T6, x1.2℄.








) denote the ob-
strution to extending s
i












)) is the relative obstrution dened by Proposition 3.5. Thus,
w(M;(s
i
)) is of order at most 2 and so vanishes sine H
3
(M;M) is torsion free.















. Suh a homotopy denes a rigid

















is identied with 
M













by the gluing formula: 
s
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will give the theorem. The image of:
Spin (M  I; ( s
0






(M  I; ( s
0
) 0 [ (s
1
) 1)
is a singleton sine it is aÆne over  : H
1





I; M  I) whih is trivial (its odomain is isomorphi to the free Abelian group
H
1
(M)). It then follows that the rigid Spin

-strutures s and s
0
on M  I are






Remark 3.13. Let M be a 3-manifold with boundary and let  2 Spin(M).
We dene:
Spin(M;) := f 2 Spin(M) : j
M
= g :






whih is indued by the map Spin(M; s) ! Spin

(M;(s)), dened in x3.1.5, for





-strutures as vetor elds: the losed ase. We now review the
geometri Euler strutures introdued by Turaev in [T4℄. In this paragraph, we x
a losed 3-manifold M .
Definition 3.14. A geometri Euler struture on M is a nonsingular vetor
eld tangent to M , up to puntured homotopy. Preisely, two nonsingular vetor
elds v and v
0
on M are onsidered as equivalent, when there exists a point x 2M
suh that the restritions of v and v
0
to M n x are homotopi among nonsingular
vetor elds on M n x.
If a ellular deomposition of M is given, puntured homotopy oinides with
homotopy on the 2-skeleton of M . From obstrution theory, we then dedue that





The aÆne ation is denoted multipliatively.










Proof. Let v be a nonsingular vetor eld tangent to M . Endow M with a
Riemannian metri. First, v determines a redution of F
M
to SO(2) with respet
to this injetion SO(2) ,! SO(3) featured by Lemma 3.9: this redution is F
v
? ,
the bundle of oriented orthonormal frames of the oriented vetor bundle v
?
, when
this one is oriented with the right-hand rule (v=right thumb). Then, by the the
homomorphism SO(2) ! U(2) of Lemma 3.9, F
v
? denes a prinipal U(2)-bundle
. Aording to that lemma, this U(2)-bundle an be aompanied with an iso-
morphism of prinipal SO(3)-bundles H : =U(1)! F
M
, and so denes (aording
to Lemma 3.3) a Spin

-struture on M . That one only depends on the puntured
homotopy lass of v: so is dened h
M
([v℄). Moreover, one an verify that the




(M)-equivariant; in partiular, it is bijetive. 
There is a noteworthy involution of Vet(M). Called inversion and denoted by
 7! 
 1
, it is dened by 
 1
= [ v℄ if  = [v℄.
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Proof. Both of the maps Vet(M)! H
2
(M) whih are dened by  7! =
 1
and by  7! (h
M
()), are aÆne over the square
5
map (aording to [T4, Th. 5.3.1℄
and Remark 3.7). It then suÆes to show the following impliation:
(3.1) (  (h
M







Give M a Riemannian metri. Aording to the last statement of Remark 3.8,





(), is represented by F
v









()) is the obstrution to nd a nonsingular setion of T
M
transverse to
v. Assertion (3.1) then follows. 
In the latter proof and by Remark 3.7, it appears that the image of Spin(M)
in Spin

(M) orrespond to the Euler strutures  = [v℄ for whih there exists a
nonsingular tangent vetor eld to M transverse to v. Let us make this fat more
preise. We denote by:
Parall(M)
the set of parallelizations of M , up to puntured homotopy. A parallelization of M






) of the oriented vetor bundle T
M
.
Let V be a manifold of dimension n  3. The spae of trivializations of T
V
on
the 1-skeleton of V , whih an be extended to the 2-skeleton, and onsidered up




). It an also be put in a
anonial orrespondane with Spin(M) (see [Ki, Chap. 4℄). Sine 
2
(SO(3)) = 0
and sine M is of dimension 3, we obtain the following lemma whih an be proved
similarly to Lemma 3.15.













by putting ([e℄) = [e
1






) is a parallelization of M . It then follows
from the various denitions that:
















where the map  : Spin(M)! Spin

(M) has been dened in x3.1.5.
5
Reall that the left multipliative notation is used for aÆne ations.
3. 3-MANIFOLDS WITH COMPLEX SPIN STRUCTURES 113
3.2.4. Spin

-strutures as vetor elds: the boundary ase. We now want to
dene some relative geometri Euler strutures.
On the hand, all of the denitions and results of x3.2.3 are relative to T
M
and
work for any 3-dimensional oriented vetor bundle. In partiular, if S is a losed






stands for the i-dimensional trivial
vetor bundle. Thus, we dene:
Vet (S
st
) and Parall (S
st
) ;




and the set of trivializa-
tions of this oriented vetor bundle, all of them being onsidered up to homotopy







). Some analogs of Lemma 3.15 and Lemma 3.17 state the
















Finally, an analog of Lemma 3.18 states that they t both together in a ommutative
diagram.









([v℄) on S. Its Chern lass is equal to the Euler lass e(S) of the surfae








for a produt metri).
On the other hand, one an speak of rigid strutures for any kind of strutures
whih are dened as homotopy lasses of something. Thus, there are rigid versions
of Vet(N) and Parall(N), when N = M is a 3-manifold or when N = S
st
with S
a losed surfae. These rigid versions are denoted with a deorating subsript \r".













, one an dene:
Vet(M; v)
the spae of geometri Euler strutures on M relative to v. This spae is empty or
is an aÆne H
2
(M;M)-spae. In exatly the same way we obtained Theorem 3.10,
we get:
















































Definition 3.21. Theorem 3.10 allows us to assoiate to any 3-manifold with





, the spae of geometri Euler strutures on
M relative to . Denoted by:
Vet(M;);
it is an aÆne H
2
(M;M)-spae.
Hene this relative version of Lemma 3.15 whih may be proved similarly:
Lemma 3.22. Let M be a 3-manifold with boundary and let  2 Parall ((M)
st
).


















EES DE DIMENSION 3
3.2.5. Relative Chern lasses. We now dene some relative versions of the
Chern lasses of Spin

-strutures (x3.1.6).
Lemma 3.23. Let M be a 3-manifold with boundary and let  2 Spin(M).








whih is aÆne over the square
6
map dened by x 7! x
2
.
Definition 3.24. If  2 Spin





Proof of Lemma 3.23. Let  2 Parall ((M)
st
) orrespond to  by h
M
. In
fat, we will dene a map  : Vet(M;) ! H
2
(M;M) (and then apply Lemma
3.22).










representing  and let  2
Vet(M; e
1
) be represented by v: v is a nonsingular tangent vetor eld toM whose
restrition to M oinides with e
1
. The vetor eld e
2
is a nonsingular setion
of T
M
on M transverse to v. We then dene () to be the rst obstrution to
extending e
2
to a nonsingular setion of T
M







is another representant of , the analogously









involved in Th. 3.20. We then get a well-dened map .
Let now x 2 H
2





is represented by a smooth oriented knot L  int(M). Then, just as in the losed
ase, it an be shown that the geometri Euler struture x   is represented by
the vetor eld w obtained from v by Reeb turbulentization along L (see [T4, x5.2℄
or [T8, x1.1℄). It is then not diÆult to prove, by a diret alulus of obstrution




Remark 3.25. For any  2 Spin

(M;), the Chern lass () vanishes if and
only if  omes from Spin(M;) (Remark 3.13).
We now give a modulo 2 formula for these relative Chern lasses. Reall that




is isomorphi to Z
2
: the generator is S
1
endowed with
the Spin-struture whih is indued by its Lie group struture (see [Ki, p. 35, 36℄).






between spin strutures on M and quadrati forms over the modulo 2 intersetion









dened as follows. If  is an oriented simple losed urve on S, we have:
q




























is the onneting homomorphism of the pair (M;M).
6
Reall that the left multipliative notation is used for aÆne ations.
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whih is the obstrution to extending  to the whole manifold M . Let  be a
onneted immersed surfae in M suh that  = M \ ,  has no singularity
and  represents the modulo 2 redution of y. Then, h(); yi = hw
2
(M;); [℄i




) ; [℄i and so is the obstrution to extending the
Spin-struture j














(y)) modulo 2. 
Example 3.27. Suppose that M is a 3-manifold with a disjoint union of tori










of the torus orresponding to its distinguished Spin-struture 
0
(Example 3.12).




, as introdued in Deni-
tion 3.21, orrespond to the relative geometri Euler strutures of Turaev (see [T4,
x5.1℄ or [T8, x1.1℄). In partiular, Lemma 3.26 is a generalization of [T8, Lemma
1.3℄.
3.3. Gluing of Spin

-strutures. We are now ready to deal with the teh-
nial problem of gluing Spin

-strutures.



















,! M will be denoted by j
i
.




























(M;M) vanishes for i = 1 and 2. Then, the absolute obstrution w(M) van-











































































an be glued by means of f : we obtain a rigid Spin

-struture on M whose










































We denote by C

i
the ellular deomposition of M
i
dual to the triangulation C
i
.





simplex of C is a simplex of C
i
for i = 1 or 2, and simplies on M
1
are identied
with simplies on M
2









: a ell of C







, either is the gluing by f of a ell belonging to C

1
with a ell of












along a fae lying in M
i
. Then, C is a triangulation of M and C

is its dual
ellular deomposition. Cohomology will be alulated with C while homology will
















































































oinides on the 1-skeleton of C
i
(and, of ourse, on M
i
















of the orresponding map M
i
!











) is the lass of the









































































respetively represent  and 
0
. Similarly,
using these rigid strutures, we an desribe expliitly a 2-oyle representing =
0
.




































We now ome bak to the dimension n = 3. Here is the gluing lemma whih
we will pratie.










































































































Proof. Aording to Th. 3.10, the relative obstrutions vanish: the rst state-
ment is then a diret appliation of Lemma 3.28 and denition of Spin

-strutures
relative to Spin-strutures. The seond statement is again a alulus of gluing of
obstrutions in oriented manifolds and its proof uses the same arguments as in the
proof of Lemma 3.28. 




by gluing them along only
part of their boundaries (so that M 6= ?), there are relative versions of Lemma 3.28
and Corollary 3.29 (involving Spin

-strutures on M relative to Spin-strutures).
3.4. Combinatorial desriptions assoiated to surgery presentations
in S
3
. In this paragraph, we x an ordered oriented framed n-omponent link L in
S
3






the linking matrix of L. We all V
L
the
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3-manifold obtained from S
3




















































) is then free Abelian of rank n. It is given the preferred basis
([S
1
℄; : : : ; [S
n
℄). Here, the losed surfae S
i
















whih has been push-o into the interior of D
4


















Kroneker evaluation, and will be given the dual basis. In the sequel, we simplify








) is identied with H

) and
by denoting f : HH ! Z the intersetion pairing ofW
L
; reall that the matrix of
f relatively to the preferred basis of H is B
L
. Sine (H; f) is a symmetri bilinear
lattie, it an be applied the results of x2.2.
3.4.1. Combinatorial desription of Spin-strutures. We begin by realling a
ombinatorial desription of Spin(V
L































The elements of S
L





as the ombinatorial desription of Spin(V
L
), as justied by the following lemma.












A rened Kirby's theorem dealing with surgery presentations of losed Spin-manifolds
of dimension 3 an then be derived from this lemma (see [Bl, Th. (I.1)℄).





: the bijetion between Wu(f)=2H and S
L
is obtained by this way.








EES DE DIMENSION 3
We now desribe a bijetion between Spin(V
L







; )  toW
L











































; ) in H has to be a Wu lass for f . 
3.4.2. Combinatorial desription of Spin

-strutures. We now give a Spin

ana-

















2  Im B
L
;























































), the latter is sur-
jetive and its kernel oinides with the image of
b







) is free Abelian, a Spin

-struture  on W
L
is determined






. Suh a form has to be a harateristi


















) and Char(f)=2  Im
b








; ), we draw the
framed link L with the blakboard framing onvention and we add a deorating
integer s
i
to eah omponent L
i
of L so that the multi-integer s = (s
i
) is a ombi-
natorial representant for the Spin

-struture .
We now give the orresponding rened Kirby's theorem dealing with surgery pre-
sentations of losed Spin

-manifolds of dimension 3.
Theorem 3.33. Let L and L
0
be some ordered oriented framed links in S
3
,





















). Then, the manifolds (V
L












℄) are related one to another by a nite
sequene of the moves depited on Figure 3.2.
Proof. This follows from the usual Kirby's theorem. It suÆes to show that,











ats at the level of Spin

-strutures as ombinatorially desribed on Figure 3.2.
This is a straightforward veriation. 
Example 3.34. Look at the slam dunk move, depited on Figure 3.3, between




-manifolds. Here, we are onsidering the




) of a n-omponent ordered oriented framed link L with
a framed oriented knot K
1
together with its meridian K
2







; : : : ; s
n
; y; 0)℄) ! (L; [(s
1
; : : : ; s
n
)℄) ;
where y is the framing number of K
1
. It an be shown by rewriting the proof of
[FR, Lemma 5℄ with Spin

Kirby's aluli.
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Figure 3.3: A Spin

-version of the slam dunk move.
Remark 3.35. As follows from the following ommutative diagram with exat




























































) writes then ombinatorially:
8[x℄ 2 Coker
b
f; 8[℄ 2 Char(f)=2  Im
b
f; [x℄  [℄ = [+ 2x℄:








) is ombinatorially desribed by the




f dened by  ([℄) = [℄.




) dened in x3.2.3
orresponds to the involution of S

L
' Char(f)=2  Im
b
f given by: [s℄ 7! [ s℄.








EES DE DIMENSION 3
3.4.3. From Spin to Spin

in a ombinatorial way. We now relate the ombi-
natorial desription of Spin(V
L












desribed by the map  : Wu(f)=2H ! Char(f)=2  Im
b










dened by  ([r℄) = [B
L
 r℄.
Proof. Take  2 Spin(V
L




























tending  to W
L









Then, the lemma will follow from the fat that r












) when ~ is appropriately hoosen with respet to r

. It
an be proved indiretly as follows. In ase when  an be extended to W
L
, this is
ertainly true: indeed, we an then take r

= 0 and we may hoose as ~ the image
by  of the unique extension of  to W
L
, so that (~) = 0. The general ase an
be redued to this partiular one for the following two reasons. First, it is easily



















, whih are respetively desribed in







(k = 1; 2)
dened by  ([r℄) = [B
L
 r℄. Seond, aording to a theorem of Kaplan ([Ka℄),




related to L by a nite sequene of
Kirby's moves through whih  2 Spin(V
L





) suh that 
0
an




4. Quadrati funtions assoiated to 3-manifolds with omplex spin
strutures
Gille has shown in [Gi℄ (see also [De3℄) that, for a losed oriented 3-manifold,
torsion Spin

-strutures are in a anonial one-to-one orrespondane with qua-
drati funtions over its torsion linking pairing. We now aim at generalizing this
result to all Spin

-strutures, not only those of torsion.
4.1. A 4-dimensional denition. Let M be a losed oriented onneted 3-
manifold and let  2 Spin








using a surgery presentation of M . Let us hoose an ordered oriented framed link
L in S
3
together with a positive dieomorphism  : V
L
! M . We maintain the






); intersetion pairing in W
L

and that it an be applied the results of x2.2.
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is the subspae of H 



















;Z); (x)  a(y) 2 Z, where 





















;Q=Z), we dedue the announed isomor-
phism from the map d. 
Reall that the quotient group H
℄
=H is denoted by G
f
in x2.2 and that it an
be involved in the short exat sequene (2.4). We now interpret this sequene as
a universal oeÆients short exat sequene for V
L
(in partiular, we thus reover
the fat that it is split). We denote by B the Bokstein homomorphism assoiated






























































where the isomorphisms  and  are respetively dened in Lemma 4.1 and Remark
3.35.
























































Then, by denition of  an by the ommutative diagram in the proof of Lemma 4.1,






Be areful of the minus sign.






















;Q=Z). But this an



































We now derive ommutativity of the right square from ommutativity of the




















). Let also n 2 N

suh that n  x = 0, and
let S be a 2-hain in V
L
with boundary n X . We then dene a 2-yle in W
L
by









































u 2 H 














) equals ny so that
b
















f featured by the short exat sequene (2.4)



























;Q=Z) is well-dened and goes by B to x.












































Putting those four fats all together, we onlude the proof of the lemma. 
4.1.2. Denition of 
M;







explained in x3.4.2. To the bilinear lattie with harateristi form (H; f; ), we an




! Q=Z . Reall that 
f;
only
depends on the lass [℄ of  in Char(f)=2  Im
b
f .
Definition 4.3. The quadrati funtion assoiated to the Spin

-manifold (M;)


























Proof of the well-definition of 
M;
. We have to verify that Denition






! M is another surgery presentation; quantities with a prime will be relative
to this presentation. Aording to Kirby's theorem, there exists a path of Kirby's
moves from L to L
0
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(). Equivalently, dene the isomor-









































Æ t. We an suppose that L and L
0
are
related by one single Kirby's move.
If this Kirby's move is an orientation reversal or a handle sliding move, the dif-





, induing itself an
isomorphism T : H ! H
0
making thus f and f
0
ommute. Note that the above









indues a bijetion Char(f
0
) ! Char(f). Note that 
0
an be hoosen to be the
inverse image of  by T

. Then, for all [x℄ 2 H
℄












































Finally, if the Kirby's move is a stabilization, we then have H
0
= H Z, f
0
= f 
(1) and a formula for t is: 8[x℄ 2 H
℄

















([x℄), thus onluding the proof of the well-denition of 
M;
. 
Example 4.4. For instane, suppose thatM is a rational homology sphere and









the meridian of L
i






















f represent the Spin













































EES DE DIMENSION 3
Lemma 4.6. 
M;
is a quadrati funtion over L
M
, that is:











Proof. It is well-known that the linking pairing 
M
an be alulated from
the surgery presentation  : V
L







f desribed in Remark 3.35, together with  and the Poinare du-




f ; on the other hand, we onsid-
















So, aording to Lemma 4.2, the map L
M



































where the form L
f
has been introdued in x2.2. The lemma then follows from the
fat that 
f;
is a quadrati funtion over L
f
. 









dened by  7! 
M;
.
4.2. Properties of 
M
. In the sequel, we x a onneted losed oriented 3-
manifold M . Next lemma says that, for any Spin

-struture  on M , the quadrati
funtion 
M;
is determined on H
2
(M) 
 Q=Z by the Chern lass (); note that
if x 2 H
2








is linear on H
2
(M) 
 Q=Z, and we
have:
8x


















Q=Z. As for the seond statement, it suÆes to show it whenM = V
L
; suppose that














;Q=Z) orresponds to [r y℄
in H
℄
=H . We then have: 
M;
(x
 [r℄) =  
f;






f(y; y)  r  (y)

mod 1, but sine y 2 Ker
b






 r  (y) mod 1, and
aording to Remark 3.35, (y) = h(); xi. 
Remark 4.8. If  2 T Spin







Q=Z and so 
M;
fatorizes to a quadrati funtion over

M
. Then, in this partiular ase, our onstrution is easily seen to agree with that
of [De3℄ and, up to a minus sign, with that of [Gi℄ (see Remark 2.6).
In partiular, if  is indued by a Spin-struture on M via the anonial map
 : Spin(M)! Spin






the quadrati form dened in [LL℄, [MS℄ or [T2℄. In Chapter 2, this quadrati form
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is shown to play a basi role in the Goussarov-Habiro nite type invariants theory
for manifolds with Spin-strutures.
Lemma 4.9. If  2 Spin










is then dened by x 7! h(); xi.
Proof. Again suppose thatM = V
L
and that  is represented by  2 Char(f).

















(y) = h(); xi by Remark 3.35. 
Reall that Spin

(M) is an aÆne spae over H
2
(M) and that Quad(L
M
) is an
aÆne spae over Hom (H
2









the homomorphism dened by 
M










the homomorphism given by j
M
(l) = l 
 Id
Q=Z
. Next results follow diretly from
Th. 2.9.






) is an aÆne embedding


















and given q 2 Quad(L
M
), q belongs to Im 
M









Corollaire 4.1. The map 
M
is bijetive if and only if M is a rational ho-
mology sphere.
The next paragraph provides an alternative, perhaps more appealing, desrip-
tion of the okernel of the aÆne map 
M
(and shows that, in a sense, it is not
big).
4.3. The okernel of 
M
. In this paragraph only, Z
p
denotes the ring of
p-adi integers. For any prime p, there is a natural embedding Z ,! Z
p
and with
respet to the p-adi topology, Z is dense in Z
p













Z is again dense (but not losed) in
b
Z. Here is a ontext (well known to number
theorists) in whih this ring appears:
Lemma 4.11. Hom(Q=Z;Q=Z) '
b
Z:
Proof. For p 2 P , denote byA
p
the subgroup of Q=Z onsisting of all elements
m=p
k
































EES DE DIMENSION 3
Now any endomorphism f of A
p





, . . . in A
p
, whih must be ompatible in the obvious sense. We reover in this
fashion the denition of Z
p
as an inverse limit. Alternatively, A
p






























































Therefore, from Lemma 4.11, the embedding j
M
involved in Theorem 4.10 is




























4.4. An intrinsi denition for 
M;
. LetM be a losed onneted oriented
3-manifold and let  be a Spin

-struture on M . The goal of this paragraph is to
give an intrinsi denition for the quadrati funtion 
M;
, i.e. we want it not to
be dependent on the hoie of a 4-dimensional bordism.








(x; x) + h(); xi 2 Q=Z:
If y 2 Q=Z, let us denote by
1
2
 y the set of elements z of Q=Z suh that z+ z = y.



















Definition 4.12. An element x of H
2
(M ;Q=Z) is said here to be speial if it








, where n 2 N

and where S is an oriented immersed
surfae in M with boundary n K, a bunh of n parallel opies of a knot K in M .
Lemma 4.13. Every element x of H
2




Proof. The lass B(x) 2 H
1
(M) being torsion, there exists some n 2 N

suh that n  B(x) = 0. Let an oriented knot K realize B(x), and let S be an






is a 2-yle with oeÆients





Let x 2 H
2






































so that we an restrit ourselves to the speial ase.
In the sequel, we take a speial element x of H
2








, as detailed in Denition 4.12. We now give the stepwise reipe for a
3-dimensional formula for 
M;
(x).
- Step 1. Choose a nonsingular tangent vetor eld v to M representing 
and whih is transverse to K (we laim that it is possible to nd suh v).
- Step 2. Let V be a suÆiently small regular neighborhood of K in M and
let K
v
be the parallel of K, lying on V , obtained by pushing K along
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- Step 3. Dene a Spin-struture 
v
on  (M n int (V )) by requiring its
Johnson quadrati form q

v














on M n int (V ) relative to
the Spin-struture 
v





(M n int (V ) ;  (M n int (V )))
be the relative Chern lass of 
v
.


































Remark 4.15. In [LW℄, Looijenga and Wahl assoiate a quadrati funtion
over 
M
, to eah pair (M;J ), where
(1) M is a losed onneted oriented 3-manifold,













is an oriented real 4-dimensional vetor bundle).
Suppose instead now that M omes equipped with a nonsingular setion v
of T
M
representing a torsion Spin

-struture , and endow it with an arbitrary












is written as the sum of two
oriented real 2-dimensional vetor bundles. So via the inlusion U(1)  U(1) ,!
















(ompare formula (3.4.1) in [LW℄ with our formula (4.3)).
Proof of Prop. 4.14. First of all, we have to justify that the provided reipe
an atually be arried out.
We begin by proving the laim of Step 1. Let v be an arbitrary nonsingular tangent
vetor eld to M representing . It suÆes to prove the following laim.
Claim 4.16. Let w be an arbitrary nonsingular tangent vetor eld to M
dened on K. Then, v an be homotoped so as to oinide with w on K.





suh that K orresponds to 0S
1









. We dene  : W ! K to be the projetion on the ore. The
solid torus W is parametrized by the ylindri oordinates:










If p; q 2 W are suh that (p) = (q) (i.e. they belong to the same meridional
disk 2D
2






W as the unique linear










. The vetor eld v an be homotoped to a vetor
eld whih is onstant on eah meridional disk D
2
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. After suh a deformation, the vetor




























and ending at w
(1)













if r(p) 2 [0; t℄
v
p
if r(p) 2 [t; 2℄





if p =2 W , allows us to suppose that v oinides with w
on K. 





suh that K orresponds to 0  S
1












). We apply steps 2 and 3
(note thatK
v
then orresponds to 1S
1
) and we now prove the laim of Step 4. Let

v




































) with the notation of Remark 3.13. Thus, v
being e
1




on M n int (V ) relative to 
v
,
















 S℄ 2 Q=Z and z
2




℄i+ 1=2℄ 2 Q=Z,
where S
0































(intersetion in M n int(V ))
= P
 1
(())  x (intersetion in M)
= h(); xi







































. We begin by dening a
partiular surgery presentation of M . Construt a 3-manifoldM
0
from M by doing










up to isotopy, the dual knot K
0






. We then nd a surgery
presentation V
L




with the appropriate framing.
This surgery presentation ofM has the following advantage: K bounds in the trae
W
L
of the surgery a disk D whose normal bundle is trivialized by some extensions




) of the normal bundle of K in M .
For suh a surgery presentation, we use the notations xed in x3.4. In partiu-




) and f : H H ! Z is the intersetion pairing in W
L
. We dene
the 2-yle U = n D  S where n D is a bunh of n parallel opies of the disk D
with boundary n K; we also dene u = [U ℄ 2 H . Then
1
n
 u belongs to H
℄
and














































where  is a harateristi form representative for .
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Let us alulate the quantity f(u; u). The 2-yle U is a representant of u, a




+n A S where D
0









, and where A is the annulus of an isotopy from  K
v
to K in V (e.g. A =  [0; 1℄ S
1




). By adding a ollar to W
L
and
strething the top of U
0
, we an make U in transverse position with U
0
(see Figure
















Figure 4.1: Two representants of u in transverse position
W
L












We are now interested in the quantity (u). Let ~ be an extension of  to
the manifold W
L
and let  be the isomorphism lass of prinipal U(1)-bundles on
W
L
dened by ~; then  an be hoosen to be 
1
(). Let p be a representant of






























so as to be redued to a alulus of obstrutions in an oriented
manifold, we obtain:






























































to the whole of U
0
i
. Let T W
L
be the solide torus suh that
M
0















































(M n int(V );  (M n int(V ))) :
Then, equation (4.5) beomes:
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From the fat that ((
v
)) = 0, we then dedue that:
1
2n



















℄i is an odd integer together with (4.4) will end the














) = 1 mod 2
(by Lemma 3.26), we are done. 
4.5. The maximal Abelian Reidemeister-Turaev torsion mod 1. Let
X be a nite onneted CW-omplex with zero Euler harateristi and set H =
H
1
(X), whih is denoted multipliatively. We denote by Q(H) the ring of frations
of the ring Z[H ℄. Turaev introdued in [T1℄ the maximal Abelian Reidemeister
torsion of the omplex X : denoted by (X), it belongs to Q(H) and is dened up
to multipliation by an element of H  Q(H). Moreover, it is shown in [T4℄ that
this indeterminay an be disposed of by speifying two further strutures, alled
homology orientations and ombinatorial Euler strutures.
Suppose now that X is a onneted losed oriented 3-manifold M . On the one
hand, the orientation of M indues a anonial homology orientation; on the other
hand, the ombinatorial Euler strutures onM are in anonial orrespondane with
the geometri Euler strutures onM (x3.2.3) and aording to Lemma 3.15, so they
are with the Spin

-strutures on M . Therefore, if (M;) is any onneted losed
Spin

-manifold of dimension 3, one an dene its maximal Abelian Reidemeister-
Turaev torsion: (M;) 2 Q(H), where H = H
1
(M). It has the property that:
(4.6) 8h 2 H
1
(M); h  (M;) = (M;P (h)  ) 2 Q(H):
Suppose now that M is a rational homology sphere. Then, H is nite and it
happens that Q(H) = Q [H ℄. Let us now reall from [T9, Chap. X, x2.3℄ how, in
this partiular ase, the torsion (M;) determines a quadrati funtion. Dene a
funtion 







(h)  h 2 Q [H ℄:






























: H  H ! Q=Z is the torsion linking pairing of M . It immediately
follows that:















(1) 2 Q=Z is a onstant and where q
M;
is a quadrati funtion over
the linking pairing 
M
. It is easily seen from (4.6) and (4.7) that:







SineM is a rational homology sphere, the Bokstein homomorphism B is then
an isomorphism H
2
(M ;Q=Z) ! H
1
(M), so that that 
M;
an be regarded as a
quadrati funtion 
M;
: H ! Q=Z over 
M
. Moreover, as follows from Theorem
4.10, we have:







In fat, equations (4.8) and (4.9) are equivalent aording to the following.








It follows in partiular that the quadrati funtion 
M;
is determined by the
maximal Abelian Reidemeister-Turaev torsion of (M;).
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Proof of Theorem 4.17. The tehnial diÆulty lies in the omputation of
q
M;




an be omputed from a surgery presen-




We begin by realling the denition of harges introdued in [T8℄. We shall use
notation of x3:4. Let L  S
3
be an ordered oriented and framed n-omponent link.





is the union of the exterior E of L in S
3
and the disjoint union of reglued solid
tori Z
j
, one for eah omponent L
j
of L. A solid torus Z is said to be direted when
its ore is oriented. We diret the solid torus Z
j
in the following way: we denote
by m
j
 E the meridian of L
j







) = +1, and
we ask the oriented ore of Z
j




. A direted solid torus Z
has a distinguished Spin

-struture relative to the anonial (see Remark 3.12) spin
struture 
0
on Z: this is the one whose Chern lass is Poinare dual to opposite
of the oriented ore of Z. Then, by gluing any Spin





(by means of Lemma 3.28) to the distinguished relative Spin

-struture on
the direted solid tori Z
j


















). Dene the set C
L







































an be dened in the following















taking the meridians ([m
1
℄; : : : ; [m
n
℄) as a basis; it an then be derived from
Lemma 3.26 that the multi-integer you get is atually a harge on L. Thus, sine g






)) is generated by the n harateristi
urves of the surgery, it follows that the map g indues a bijetion:
C
L













is the linking matrix of L in S
3
.




) to our desription
desribed in x3.4.2 by showing that:




) orresponds to [k℄ 2 C
L
=2  Im B
L
, then 















Proof of the Claim 4.18. We denote by 
2






























). Pik an extension ~ of  to W
L
and let  be the isomor-




). On the one hand,
the rst Chern lass 
1
















);Z) (see x3.4), gives a multi-integer s 2 Z
n
; then, [s℄ 2 S

L
orresponds to . On the other hand, as explained above, the Poinare dual to the








) when expressed in the preferred basis
















(E) gives a multi-integer k 2 Z
n
; then, [k℄ 2 C
L
=2  Im B
L
orre-
sponds to . Thus, proving that these spei k and s verify (4.10) modulo 2Im B
L
will be enough.
In the sequel we denote by S
3
"




in the interior of
D
4
. The surfae S
j





































-( - jlR( )ε
i-th handle








is the harateristi urve 
j
of the j-th surgery;
- A
j










































position with the L
i
































℄i where p is represen-

























). Let tr be a trivialization of p on E and let
tr
"
be the orresponding trivialization of p on E
"
. An argument similar to that










































































































). For an appropriate hoie of p in the lass  and for an appropriate hoie
4. QUADRATIC FUNCTIONS ASSOCIATED TO Spin

-MANIFOLDS 133























































). For suh hoies, we now ompute
separately eah term of the right hand side of (4.11).







































, and be are-









(2) The seond term is of the form a
j









is regarded as a relative 2-yle in (N(L); N(L)) one the ollar has










times the lass of
the meridian dis of L
j


























℄) = 1 mod 2 (Johnson's quadrati funtion, see
x3.2.5).
(3) The third term is  g
j






































where the intersetion is
taken in E.



















, and denote by (l) the sign of the intersetion point
x
l
. Then, from the denition of 
i
(given for the seond term), we have:
r
jl
= (l)  
i(l)





















































the laim then follows from the fat that 
i
= 1 mod 2 for all i = 1; : : : ; n. 
We are now able to prove the theorem. Assume rst that M is obtained by
surgery along an algebraially split link L, and that  is represented by a harge k























, we nd that this formula agrees with (4.2) of
Example 4.4. This prove the theorem in this partiular ase. Now onsider the
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general ase, when L is not neessary algebraially split. We shall use the following
lemma (due to T. Ohtsuki).
Lemma 4.19. [De2℄ Let M be a rational homology 3-sphere. There exist then
non-zero integers n
1




; 1)#   #L(n
r
; 1) an be presented
by surgery along a framed link L algebraially split in S
3
.
Here # denotes onneted sum and L(n; 1) is the 3-dimensional lens spae









; 1)#   #L(n
r














































follows easily from the surgery formula for these quadrati funtions). The same
holds for q
M;
(as follows from the behaviour of the maximal Abelian Reidemeister-





















(x) and we are done. 
5. Goussarov-Habiro theory for 3-manifolds with omplex spin
strutures
5.1. A brief review of the Y -equivalene relation. The Goussarov-Habiro
theory for ompat oriented 3-manifolds is a nite type invariants theory based on
an elementary move alled Y -surgery.
Definition 5.1. Let M be a ompat oriented 3-manifold. A Y -graph G in
M is an (unoriented) embedding of the surfae drawn in Figure 5.1, together with
its deomposition between leaves, edges and node.
Let j : H
3
,!M be a positive embedding of the genus 3 handlebody onto a regular
The node
One of the 
three edges
One of the 
three leaves
Figure 5.1: A Y-graph.
neighborhood N(G) of G in M . The ompat oriented 3-manifold obtained from M
by Y -surgery along G is dened as:
M
G
















We all Y -equivalene the equivalene relation among ompat oriented 3-manifolds
generated by Y -surgeries and positive dieomorphisms.
Remark 5.2. A Y -surgery, introdued by Goussarov in [Go℄, is equivalent to
a A
1
-move, dened by Habiro in [Hr℄, or to a Borromean surgery, introdued by
Matveev in [Mt℄.
8
We use the blakboard framing onvention.
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Figure 5.2: The surgery meaning of a Y -graph.
Observe that M
G
omes with an inlusion M n int (N(G)) ,!M
G
and that, due to
the hoie of N(G) and its trivialization j, M
G
is only dened up to some partiular
positive dieomorphisms.
As it is well-known, a Y -surgery is a twist in the following sense:
















, alled the Borromean









5.2.1. Twist and Spin

-strutures. Let us onsider again the situation whih




























be a positive dieomorphism whih ats trivially in
homology, and the manifold M
0
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Proof. Take  2 Spin

(M), 






















) is the identity, h ats trivially on Spin(M
2
): this follows from
the fat that Johnson's orrespondane Spin(M
2
)! Quad () is natural (x3.2.5).




















































is onneted, the map [
f






































() to be 
0
.
Let us now verify that 









































































= 0 2 H
1
(M):











































































), whih then represents 
1

















). We then have:











denotes here the rigid version of the gluing map (that of Lemma 3.28).










 I) be the






















































). Choose an homotopy












 I) be the orresponding rigid












). Now, the rigid Spin













































( H)℄ ; [H [ a
2
℄) to . Aording



































((V ) [H [ a
2
)℄ :













(H) [ (U) [ a
2
)
























(H) [ (U) [ a
2
)℄ :




will follow from this equality of Spin

-
strutures relative to Spin-strutures:
(5.7) [(V ) [H ℄ = [h















 I;  (M
2
 I)) has no 2-torsion, these relative Spin

-strutures
are determined by their Chern lasses. We have:
 ([(U)℄) = 0 and:  ([(V )℄) = 0;




( ([H ℄)) (by naturality of obstrutions) and
so  ([h

(H)℄) =  ([H ℄). By the last statement of Corollary 3.29, (5.7) is then sat-
ised. We thus onlude that the map 
 is well-dened.
Let us now verify that 
 is aÆne. Take  2 Spin
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been glued along only a onneted part of their boundaries), there is a relative
version of Prop. 5.4 (involving Spin





5.2.2. Denition of the Y

-surgery. We now explain how a Y -surgery makes
sense in the setting of Spin

-manifolds.
Lemma 5.6. Let M be a losed oriented 3-manifold and let G be a Y -graph in
M . The Y -surgery M ;M
G














denoted by  7! 
G
. The map 

G






















































) is said to be obtained from the
Spin

-manifold (M;) by Y

-surgery along the graph G.
We all Y

-equivalene the equivalene relation among losed Spin

-manifolds of





Proof of Lemma 5.6. We x a positive embedding j : H
3
,!M onto a regu-





whih has the property to at trivially in homology and to be suh
that there exists a dieomorphism:
M
G


























































We then dene 

G








does not depend on the intermediate hoies.





) be another hoie, it suÆes to prove that the following diagram is
















































. Let  2 Spin

(M). Pik a  2 Spin(
3










































































; ) are lassied by their







Seond, we prove the independane on j. Let j
0
be a trivialization of another
regular neighborhood N
0
(G) of G in M , and let (q
t
: M ! M)
t2I
be an ambiant































be the positive dieomorphism indued by q
1
. Proving
















































Let  2 Spin










the identity, it ats trivially on Spin



















































By Remark 5.5, we ould also dene a Y

-surgery move between ompat ori-
ented 3-manifolds with non-empty boundaries, provided they are equipped with
Spin

-strutures relative to Spin-strutures.
The Y

-surgery is then the elementary move of a Spin

-renement of the
Goussarov-Habiro nite type invariants theory. Furthermore, it an be shown




Remark 5.8. It has been introdued in Chap. 2 a Spin-renement of the
Goussarov-Habiro nite type invariants theory. In partiular, it is shown that
a Y -surgery indues a anonial bijetion 
G
: Spin(M) ! Spin (M
G
). Both
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5.2.3. A ombinatorial formulation of the Y

-equivalene relation. Given a surg-
ery equivalene relation among losed oriented 3-manifolds, it an sometimes be
derived from unknotting operations and surgery presentations in S
3
. By x3.4.2, the
same ould be done for losed Spin

-manifolds of dimension 3. We now formulate
the Y

-equivalene relation in this way, taking the -move of [MN℄ as unknotting
operation.
Lemma 5.9. The Y

-equivalene relation is the equivalene relation among
losed Spin






moves. Here, a 

-move is dened to be the move depited on Figure 5.3 between
surgery presentations of losed Spin








Figure 5.3: A 

-move.
Proof. Let us begin with a losed onneted oriented 3-manifold M and a





is presented by surgery along a n-
omponent ordered oriented framed link L in S
3
. Isotope G inM so that it beomes
disjoint from the dual link to L, then G  S
3
n L. Take a regular neighborhood of
G in S
3
nL, and put into this genus 3 handlebody the 2-omponent framed link K




Figure 5.4: Y -surgery as surgery along a 2-omponent link.





is a surgery presentation ofM
G
. Using the viewpoint from x3.4.2,
we now want to give the ombinatorial analog of the bijetion 

G
. In other words,
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we want to reognize the map O
G



























denotes the linking matrix of L and if K is appropriately oriented, then the




























   x
l
x 1









Claim 5.10. We have:









This will be the key point to prove the lemma.
Proof of Claim 5.10. As pointed out in Remark 5.8, a Y -surgery along G
also indues a bijetion 

G
: Spin(M) ! Spin(M
G
), a ombinatorial analog of
whih is also given in Chap. 2. Using the ompatibility stated in Remark 5.8 and














) that of W
L[K

































dened by [y℄ 7! [(y; 0; 0)℄.












aim to alulate O
G
([y℄  [s℄) 2 S

L[K
. The  here orresponds to the ombinatorial
















, we have: O
G
([y℄  [s℄) = [(y; 0; 0)℄  O
G
([s℄)
= [(y; 0; 0)℄  [(s; x; 0)℄ = [(s+ 2y; x; 0)℄. Therefore, equation (5.8) also holds for










On the one hand, a 

-move an be realized by a Y

-surgery as shown in Figure
5.5. In this sequene of Spin

-dieomorphisms, the rst is obtained by by applying
Claim 5.10, while the seond is obtained from a handle-slide move and a slam dunk
move (Example 3.34).
On the other hand, a Y

-surgery an be realized by a 

-move, as shown in Figure
5.6. In this depited sequene, the rst Spin

-dieomorphism is obtained from
three slam dunk moves. Then, a 

-move is applied. Next Spin

-dieomorphism
is obtained by Spin

- aluli (in partiular, two slam dunks have been performed),
and the last one is obtained from Claim 5.10. 




) be two losed Spin

-
manifolds of dimension 3.


















Figure 5.5: A 



















Figure 5.6: A Y

-surgery an be realized by a 

-move
5.3.1. Proof of the equivalene (2)() (3).















(M ;Q=Z) be the isomorphism dual to  with respet to the
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the equivalene between (b) and (). 
































between homogeneity defets of quadrati funtions, we obtain





































) =  P
 1
























: hene, these quadrati funtions have idential Gauss
sums. Condition (3) then holds.
































) meets the niteness ondition of x2.4.












. Also, from Lemma























. Sine  j Æ B Æ  
℄





-ompatible in the sense of Denition 2.20. By applying Corollary



















































































respetively dened by the setions s
0
and s. By Lemma 2.13 (together with the







































(M ;Q=Z) ;Q=Z) introdued by Th. 4.10.
10
' may be dierent from  j.
11


























EES DE DIMENSION 3
5.3.2. Proof of the equivalene (1) () (2). We start by proving impliation





related by a Spin









) be a Spin

-dieomorph-









from the intrinsi denition of

















(x4.1.2), and from the fat that a -move between ordered
oriented links preserve their linking matries.









































respetively  and 
0













! Q=Z are isomorphi via an isomorphism whih is indued






. Theorem 2.11 then says that the bilinear






) are stably equivalent.
Also, by Corollary 2.14, we an restrit ourselves to stabilizations with opies of
(Z;1; 1). An isomorphism of bilinear latties (resp. a stabilization by (Z;1; 1))
an topologially be realized by a nite sequene of Spin

Kirby's moves: handle
slidings and hanges of orientation of omponents (resp. by a stabilization by a 1-













and that there is a multi-integer s suh that [s℄ 2 S

L







A theorem of Murakami and Nakanishi [MN, Theorem 1.1℄ (or Matveev [Mt℄),
states that two ordered oriented links have idential linking matries if, and only
if, they are -equivalent. Then, the \deorated links" (L; s) and (L
0
; s) are -
equivalent: therefore, by Lemma 5.9, the Spin









Remark 5.12. Observe that the present proof allows for a more preise state-
ment of the equivalene (1)() (2) of Th. 3.









































), whih is taken to be f










) is a Spin

-dieomorphism f , or is the isomorphism 
G
of Lemma
5.6 if this step is the Y

-surgery along a Y -graph G  M
i



































Torsions abeliennes de Reidemeister-Turaev
1. Rappels sur les torsions abeliennes de Reidemeister-Turaev
Nous presentons dans ette setion les torsions abeliennes de Reidemeister telles
qu'elles ont ete raÆnees par Turaev. L'objetif premier est de parvenir a la denition
des torsions abeliennes des Spin

-varietes fermees de dimension 3.
Nos referenes seront [T7℄, [T4℄, [T8℄ et [T3℄. Le leteur pourra trouver une
presentation generale de la theorie des torsions ombinatoires dans [T7℄, et notam-
ment les referenes historiques et bibliographiques les onernant.
Conventions 1.1. Si G est un groupe abelien, un G-espae aÆne (ou espae
aÆne au-dessus de G) sera un ensemble sur lequel G agit librement et transitive-
ment. Pour es ations, la notation multipliative sera adoptee.
Conventions 1.2. Les CW-omplexes sont supposes onnexes et nis et, par
defaut, leurs ellules sont des ellules ouvertes.
1.1. Torsion d'un omplexe de ha^nes. Dans ette setion, nous rappe-
lons les bases algebriques de la theorie des torsions abeliennes. F designera un orps
ommutatif.
1.1.1. Denitions basiques. Soit V un F-espae vetoriel et soient b et  des
bases de V . On note alors :
[b=℄ 2 F

= F n f0g
le determinant de la representation matriielle de b dans la base . Les bases b et
 sont dite equivalentes, et on note b  , lorsque [b=℄ = 1 ; la relation  est une
relation d'equivalene.



























d'equivalene de bases de V obtenue par onatenation de i(
0
) ave un relevement
par j de 
00

























un F-omplexe de ha^nes de dimension nie et de longueur m. On suppose que C
est base et homologiquement base, e qui signie respetivement que :
{ pour tout i 2 f0; : : : ;mg, C
i
vient ave une base preferee 
i
, on note alors
 = (
0
; : : : ; 
m
) ;
{ pour tout i 2 f0; : : : ;mg, H
i
(C) vient ave une base preferee h
i
, on note
alors h = (h
0
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de bases du F-espae vetoriel C
i
.
Definition 1.3. (Turaev, [T7, x1 et x18℄). La torsion du F-omplexe C, base
par  et homologiquement base par h, est :


















Sa torsion raÆnee est :
 (C; ; h) = ( 1)
N(C)
 (C; ; h) 2 F

:
On verie que es quantites ne dependent pas du hoix des b
i
, et ne dependent
don que de C,  et h. Remarquons aussi que lorsque C est aylique, on a :
 (C; ;?) = (C; ;?).












de F-omplexes de longueur m et de dimension nie. On suppose les omplexes
C
0
, C et C
00
homologiquement bases par respetivement h
0





,  et 
00
. On suppose 
0
,  et 
00
ompatibles dans le sens ou :























































eme 1.4. (Turaev, [T3, Lemma 3.4.2℄) Sous les hypotheses et notations
preedentes, nous avons alors :
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Speialisons maintenant ette formule de multipliativite a deux as partiuliers
qui nous interesseront.
Exemple 1.5. Plaons-nous dans le as ou C
00
est aylique, et supposons les
bases homologiques h et h
0


























;?; : : : );?) = 1.
La formule (1.4) s'erit alors plus simplement :







































 C (de sorte que les bases 
0
,  et 
00
sont




















































































































1.2. Orientations homologiques et strutures d'Euler ombinatoires.
Les raÆnements de Turaev des torsions abeliennes de Reidemeister neessitent de
xer des strutures supplementaires sur les espaes. Ce sont les orientations homo-
logiques et les strutures d'Euler ombinatoires.
1.2.1. Orientations homologiques. Soit X un espae topologique ompat.
Definition 1.7. (Turaev, [T7, x18℄). Une orientation homologique ! de X est









L'orientation homologique opposee a ! sera notee  !.
Exemple 1.8. SoitM une 3-variete fermee orientee et onnexe. Son orientation









ou [pt℄ est la lasse d'homologie d'un point de M , [M ℄ est sa lasse fondamentale,
b est une base de H
1
(M ;R) et b
℄
est la base de H
2
(M ;R) duale de b pour la
forme d'intersetion de M . L'orientation !
M
est appelee l'orientation homologique
anonique de la variete fermee orientee onnexe M .
1




, e qui s'aorde ave
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1.2.2. Strutures d'Euler ombinatoires sur un CW-omplexe. Soit K un CW-
omplexe
2
de support X = jKj. On suppose que (X) = 0.
Definition 1.9. (Turaev, [T4, x1℄) Une ha^ne d'Euler sur K est une 1-ha^ne
singuliere  de X dont le bord est de la forme :
 =
X







est un point de la ellule .
L'hypothese faite sur (X) assure l'existene des ha^nes d'Euler. Soient main-
tenant  et  des ha^nes d'Euler sur K :
 =
X





et :  =
X






Choisissons un hemin 





, et formons le 1-yle :
    +
X






La lasse element de H
1
(X) qu'il represente ne depend pas des hoix des 

. Les
ha^nes d'Euler  et  sont dites equivalentes, et on note   , lorsque ette lasse
d'homologie s'annule. La relation  est une relation d'equivalene.
Definition 1.10. (Turaev, [T4, x1℄) Une struture d'Euler ombinatoire sur
K est une lasse d'equivalene de ha^nes d'Euler. On note Eul(K) l'espae des
strutures d'Euler ombinatoires sur K.
Par l'addition des 1-ha^nes, H
1
(X) agit sur Eul(K) : l'ation est libre et
transitive. Don, Eul(K) est un H
1
(X)-espae aÆne.
Lemme 1.11. (Turaev, [T4, x1.2℄) Soit K
0
une subdivision de K. Il existe alors












De plus, si K
00
est une subdivision de K
0










1.2.3. Strutures d'Euler ombinatoires sur une 3-variete lisse fermee orientee.
Le Lemme 1.11 permet de denir suessivement :
{ d'abord, l'espae des strutures d'Euler ombinatoires :
Eul(P )
sur un polyedre P de arateristique d'Euler (P ) = 0, par identiation







ette identiation (voir [T4, x2.1℄) ;
{ puis, l'espae des strutures d'Euler ombinatoires :
Eul(M)
sur une variete M lisse et de arateristique d'Euler (M) = 0, par identi-
ation ave Eul(K) pour une C
1







ette identiation (voir [T4, x2.2℄).
2
On rappelle que dans e hapitre, les CW-omplexes sont supposes nis et onnexes.
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eme 1.12. (Turaev, [T7, Th. 20.2℄ ou [T4, x6℄) Soit M une 3-variete





entre ses strutures d'Euler ombinatoires et ses strutures d'Euler geometriques





(M) donne par la dualite de Poinare.
On deduit alors du Lemme 2.20 du Chapitre 1, qu'il existe une bijetion ano-







entre les strutures d'Euler ombinatoires de M et ses Spin

-strutures.
1.2.4. Reve^tement abelien maximal d'un espae pointe. An d'introduire dans
le prohain paragraphe la notion de famille fondamentale de ellules, nous xons
quelques onventions onernant les reve^tements abeliens maximaux.
Soit (X; ?) un espae topologique pointe qui est suppose separe, onnexe par










lasses d'homotopie rel I de hemins I = [0; 1℄

-
X tels que (0) = ?
o
et q ([℄) = (1);




X peut e^tre base par
~
?, le
hemin identiquement egal a ?. Le point
~



















































est appele le reve^tement abelien maxi-
mal de l'espae pointe (X; ?).
Dans la suite, nous adopterons les onventions suivantes :
{ L'espae
b
X a un point base prefere : note
b




{ Si (Y; ?) est un autre espae topologique pointe (suppose separe, onnexe par
















1.2.5. Familles fondamentales de ellules. Dans e paragraphe, nous onsiderons
un CW-omplexe pointe
(K; ?)





le reve^tement abelien maximal de (X; ?). La deomposition ellulaire K de X se





150 5. TORSIONS AB

ELIENNES DE REIDEMEISTER-TURAEV
Definition 1.14. (Turaev, [T7, x20.1℄) Une famille be de ellules de
b
K est dite
fondamentale lorsqu'elle ontient exatement un relevement de haque ellule de
K. Dans e as, si  est une ellule de K, on note be() l'unique element de be dont
la projetion par p est .































tel que h  be() =
b
f(). Les familles fondamentales be et
b





f=be = 1 2 H
1
(X). La relation  est une relation d'equivalene. L'espae-
quotient est note :
E (K; ?) :
Soit e 2 E (K; ?) une lasse representee par la famille fondamentale de ellules
be, et soit h 2 H
1





f=be = h 2 H
1
(X). Il deoule des denitions qu'on denit
de la sorte une ation de H
1




Lemme 1.15. (Turaev, [T7, Lemma 20.1℄) Supposons que K
0
est une subdivi-












De plus, si K
00
est une subdivision de K
0












emonstration. Soit be une famille fondamentale de ellules de
b
K ; on note
alors be
0




onstituees des ellules qui sont
ontenues dans une ellule element de be. Si
b
f est une autre famille fondamentale de
ellules de
b





































℄ denit bien une appliation (K;K
0
) de
E (K; ?) vers E (K
0
; ?) et qui est, pour la me^me raison, H
1
(X)-equivariante. 
Lemme 1.16. (Turaev, [T4, x1.3℄) Supposons que (X) = 0. Il existe alors une
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De plus, si K
0





















Remarque 1.17. Le Lemme 1.16 montre en partiulier que, lorsque (X) = 0,
l'espae E (K; ?) ne depend essentiellement pas du hoix du point base ?.
Preuve du Lemme 1.16. Soit e 2 E (K; ?) representee par la famille fonda-
mentale de ellules be. Considerons un point de
b
X : par exemple le point base prefere
b
 deni au x1.2.4. Pour toute ellule  2 K on hoisit un hemin allant de
b
? a un
point de be() si dim() est paire, ou d'un point de be() a
b
? si dim() est impaire.
La reunion de es hemins est une 1-ha^ne singuliere de
b
X qui se projette par p
en une ha^ne d'Euler  sur K. La bijetion annonee entre E (K; ?) et Eul(K) est
induite par ette assignation [be
-
℄. 
1.3. Torsion d'un CW-omplexe. Nous sommes maintenant en mesure de
denir les torsions abeliennes de Reidemeister des CW-omplexes, telles qu'elles ont
ete raÆnees par Turaev.
1.3.1. En arateristique d'Euler quelonque. Soit K un CW-omplexe de sup-
port jKj = X et de arateristique d'Euler quelonque. Donnons-nous aussi F un







On suppose xes :
(1) une orientation homologique ! de X ,
(2) un point base ? 2 X ,
(3) un element e de E (K; ?),




; : : : ) ou b
i







(X; ?) designe le i
eme
groupe d'homologie a oeÆients '-twistes de l'espae






























abelien maximal de (X; ?) et F etant muni de la struture de Z [H
1
(X)℄-module
donnee par '. Notons que si ? et ?
0









) sont alors (non-anoniquement) isomorphes.
Nous allons assoier a la liste preedente une torsion qui sera notee :

'
(K; ?; e; b; !) 2 F

:
Nous preiserons ensuite la dependane de ette quantite en haun des items de
ette liste-la. Voii la reette denissant ette quantite :
(1) on oriente et on ordonne les ellules de K d'une faon arbitraire : e hoix
sera note oo ;
(2) on hoisit une famille fondamentale be de ellules de
b
K representant e ;
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une F-base de C
'

(K; ?), qu'on note be
oo




(K; ?) ; be
oo
; b) ;
(4) le hoix oo determine une R-base du omplexe C

(K;R) ; on hoisit aussi




; : : : ) de H

(X ;R) ompatible ave l'orientation
homologique ! de X ; on alule la torsion raÆnee :
 (C

(K;R); oo; w) ;
(5) on pose nalement :

'
(K; ?; e; b; !) := sgn ( (C

(K;R); oo; w))   (C
'

(K; ?) ; be
oo
; b) 2 F

:
Lemme 1.18. (Turaev) La quantite 
'
(K; ?; e; b; !) possede les proprietes sui-
vantes.
a) Elle ne depend pas des hoix intermediaires faits.
b) Elle satisfait aux relations :

'
(K; ?;h  e; b; !) = '(h)  
'
(K; ?; e; b; !) ;

'
(K; ?; e; b; !) =  
'
(K; ?; e; b; !) :
) Elle est invariante par subdvision ; preisement, si K
0








)(e); b; !) = 
'
(K; ?; e; b; !) :
D

emonstration. Prouvons les assertions a) et b). D'abord, lorsqu'on permute
deux ellules deK ou lorsqu'on inverse l'orientation d'une ellule de K lors du hoix
oo, les deux quantites sgn ( (C

(K;R); oo; w)) et  (C
'

(K; ?) ; be
oo
; b) hangent si-
multanement de signe, e qui prouve l'independane de 
'




f une autre famille fondamentale de ellules de
b






















(K; ?) ; be
oo
; b) :
Cei prouve l'independane de 
'
(K; ?; e; b; !) en le hoix de be dans la lasse e ainsi
que la premiere relation de b).




; : : : ) un autre hoix de base de H

















 sgn ( (C

(K;R); oo; w)) :
Cette egalite prouve l'independane de 
'
(K; ?; e; b; !) en le hoix de w dans la
lasse ! ainsi que la seonde relation de l'assertion b).




L'enone de e lemme utilise les strutures d'Euler ombinatoires pluto^t que les familles
fondamentales de ellules, et suppose don que (X) = 0. La preuve de e lemme ne neessite en
fait pas ette hypothese.
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1.3.2. En arateristique d'Euler nulle. Soit K un CW-omplexe de support






F un homomorphisme d'anneaux.
Lemme 1.19. Soient ?; ?
0










satisfaite. Soient ! une orientation homologique de X, e 2 Eul(K) et e 2 E (K; ?)
(resp. e
0
2 E (K; ?
0
)) orrespondant a la struture d'Euler ombinatoire e par le
Lemme 1.16. Nous avons alors :

'






















les reve^tements abeliens maximaux
respetifs de (X; ?) et (X; ?
0




















) de la faon evidente. Il deoule alors
de la denition des identiations E (K; ?) ' Eul(K) et E (K; ?
0
) ' Eul(K) (voir
la preuve du Lemme 1.16) que  (e) = e
0
. La transformation  induit alors un


























transportant la base be
oo
sur la base be
0
oo
, ou oo est un hoix d'ordre et d'orientations
des ellules de K, be est un representant de e et be
0







(K; ?) ; be
oo










Ce lemme justie la denition suivante.
Definition 1.20. (Turaev, [T7, x20.1℄, [T4, x3.2℄ ou [T8, x4.2℄) La torsion
assoiee a ' du CW-omplexe K, muni de l'orientation homologique ! et de la
struture d'Euler ombinatoire e, est :

'









(X; ?) = 0;
0 2 F si H
'

(X; ?) 6= 0;
ou ? 2 X et ou e 2 E (K; ?) orrespond a la struture d'Euler ombinatoire e.
Il deoule alors diretement du Lemme 1.18 que 
'














(K;h  e; !) = '(h)  
'




(K; e; !) =  
'
(K; e; !) 2 F:
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1.4. Torsion d'une Spin

-variete fermee de dimension 3. Il deoule des
lignes onluant le preedent paragraphe et de x1.2.3 que les deux denitions qui
suivent sont legitimes.
Definition 1.21. (Turaev, [T4, x3℄) Soient P un polyedre de arateristique







Alors, la torsion assoiee a ' du polyedre P , muni de l'orientation homologique !
et de la struture d'Euler ombinatoire e, est :

'













ou (K; ) est une triangulation du polyedre P .
Definition 1.22. (Turaev, [T4, x3℄) Soient M une variete lisse de arateristi-







Alors, la torsion assoiee a ' de la variete lisse M , munie de l'orientation homolo-
gique ! et de la struture d'Euler ombinatoire e, est :

'













ou (K; ) est une C
1
-triangulation de la variete M .
Cette derniere denition se speialise a la suivante.
Definition 1.23. (Turaev, [T5℄) Soient (M;) une Spin

-variete fermee de







Alors, la torsion assoiee a ' de la Spin






(M ; e; !
M
) 2 F;
ou e est la struture d'Euler ombinatoire surM orrespondant a la Spin

-struture
 (voir n du x1.2.3).
Exemple 1.24. Soit (M;) une Spin













(M) designe le sous-groupe de torsion de H
1
(M). Considerons la ehe



















(M;) est appelee la torsion de Milnor de la Spin

-variete (M;).
Nous rappelons maintenant le theoreme de Franz-Milnor de dualite de la torsion





eme 1.25. (Turaev, [T7, Th. 20.3℄, [T4, App. B℄ et [T3, App.℄) Soit
(M;) une Spin

-variete fermee de dimension 3. Soient aussi F un orps ommu-

















= '(h) pour tout h 2 H
1













ou () 2 H
2
(M) designe la lasse de Chern de la Spin

-struture .
Exemple 1.26. Ce theoreme de dualite s'applique a la torsion de Milnor (in-
troduite dans l'Ex. 1.24).
Remarque 1.27. Considerons une 3-variete ompate orientee M de bord une
reunion disjointe de tores. Alors, (M) = 0 don Eul(M) 6= ?. Turaev a montre
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entre les strutures d'Euler ombinatoires sur M et les Spin

-strutures sur M re-




de M (voir Ex. 2.16 du Chap. 1).






d'anneaux,  une Spin





et ! une orientation homo-
logique sur M . Comme dans le as ferme, est denie alors la torsion assoiee a '
de la Spin

-variete (M;) homologiquement orientee par ! :

'
(M;; !) 2 F:
Cette approhe ontient en partiulier l'etude des polyno^mes d'Alexander-Conway
multivariables r
L
, ou L est une entrelas oriente et ordonne d'une sphere d'homo-
logie orientee (voir [T3, x4℄ pour une exposition detaillee, ou [T8, x8.1℄).
Dans la suite, nous ontinuons a nous onsarer aux torsions des Spin

-varietes
fermees de dimension 3. Cependant, nos prohains resultats s'etendent sans diÆ-
ultes a e as a bord partiulier que nous venons d'esquisser.
2. Variation de la torsion lors d'un twist












le long de leur bord, par












est onnexe. Soit aussi h 2 T (M
2













Ainsi, la variete M
0
est obtenue en twistant M le long de la surfae M
2
par h.




































a valeurs dans un orps ommutatif F et soit  2 Spin













Le but de ette setion est de omparer les torsions de Reidemeister-Turaev :

'
















) = C  
'
(M;) :
En general, e salaire ne sera identie qu'a un fateur multipliatif pres dans
' (H
1
(M)). Cette indetermination sera levee sous ertaines hypotheses sur le orps
F et l'homomorphisme '.
L'ingredient pour ette etude est une formule de Mayer-Vietoris pour la torsion,
que nous presentons des maintenant.
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2.1. Formule ontingente de Mayer-Vietoris pour la torsion. Nous
onsiderons dans e paragraphe un CW-omplexe
4
K de dimension m, de support
jKj = X et de arateristique d'Euler (X) = 0. Nous xons aussi une struture







un homomorphisme d'anneaux a valeurs dans un orps ommutatif F.























). On se propose ii de mettre en appliation la multipliativite des torsions,














rateristiques d'Euler de es derniers etant supposees quelonques, les torsions mises
en jeu seront dependantes de hoix intermediaires. Pour es raisons, notre formule
de Mayer-Vietoris sera hautement non-anonique, et sera de e fait qualiee de
ontingente.
Nous derivons maintenant les dierents hoix permettant d'enoner ette for-















































































; : : : ) de H





(X ;R) represente l'orientation homo-























; : : : )






































(X ;R)   




. Le signe de la








; : : : ) et homologiquement








sont bien hoisies lorsque e signe-la est positif.
4
On rappelle que dans e hapitre, par onvention, les CW-omplexes sont nis et onnexes.
2. VARIATION DE LA TORSION LORS D'UN TWIST 157














aux reve^tements abeliens maxi-
maux denis par le hoix du point base ? (voir n du x1.2.4) . Bien su^r, tous es
relevements sont equivariants au-dessus des appliations orrespondantes pour les


















; ?) ; k = 1; 2:




















































De la suite longue d'homologie assoiee, on deduit queH
'






















































































; : : : ).
Nous derivons enn omment bien hoisir des familles fondamentales de el-
lules. Soit e 2 E (K; ?) orrespondant a la struture d'Euler ombinatoire e. Un













; ?) et (K
2


















































































Lemme 2.1. Sous les hypotheses et notations preedentes, la torsion 
'
(K; e; !)































. Dans e as, et lorsque des bons hoix ont ete faits omme
derits preedemment, la formule suivante a lieu :
(2.1) 
'































; ?; f; ;$)
;









































satisfaisant a la premiere ondition enonee ; puis, par ation libre transitive
de H
1































tel que la lasse de be, denie par la deuxieme ondition,
soit e.
6
Cette ondition est independante du hoix du point base ?.





emonstration. La premiere assertion deoule du fait que, par denition,

'
(K; e; !) 6= 0 si et seulement si H
'

(X; ?) = 0, et de la suite de Mayer-Vietoris
pour l'homologie a oeÆients twistes. Plaons-nous dans e as pour la suite.
Soient w = (w
0
; : : : ; w
m
), w = (w
0













; : : : ; w
2;m






















Soit aussi oo un hoix d'orientations et d'ordre des ellules de K (induisant aussi











(K; e; !) vaut :

'
(K; ?; e;?; !) = sgn ( (C

(K;R); oo; w))   (C
'

(K; ?) ; be
oo
;?) ;



















































































































































































) et be des
F-omplexes mis en jeu, ne sont eventuellement pas ompatibles mais, telles que































































































;R); oo; w))  sgn ( (C

(K;R); oo; w)) :
Ii, le signe ( 1)

0

















(X ;R). Le bon




onduit a la onstante 1 dans ette
formule. Le signe ( 1)

0
provient du fait que les bases des R-omplexes onernes
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ou  2 Z
2







































































;R) pour obtenir :











































































Nous remarquons que le signe ( 1)
+
0
peut e^tre expliite en fontion des espaes
vetoriels gradues annones par le lemme. La formule (2.1) deoule alors de (2.2),
(2.3), (2.4) et (2.5). 
2.2. Homologie a oeÆients twistes d'une surfae. Soit  une surfae













Nous nous interessons maintenant au alul de H
'

(; ?), ou ? 2 .
Dans le as partiulier ou '(x) = 1 2 F pour tout x 2 H
1





(; ?) ' H

(;F) (isomorphisme anonique):
Ce as-la etant parfaitement entendu, nous l'exluons dans la suite.
















simples fermees orientees basees en ? qui sont dessinees sur la Figure 2.1. Nous

























; ?) et 
a
--
H l'homomorphisme de Hurewiz.
Le groupe  etant librement engendre par z
1
; : : : ; z
n
, nous pouvons lui appliquer
le alul dierentiel libre de Fox (nous renvoyons le leteur a [Bi, Chap. 3℄ pour



























derivation partielle libre. Si  est un endomorphisme du groupe , nous lui































; : : : ; e
z
n
i le F-espae vetoriel formel de base (e
z
1








































; ?) ' F
2g 1
:





























alors le hoix de la base (z
1
; : : : ; z
n

















un dieomorphisme xant point par point 
g;1
et induisant











































Ii, la ehe vertiale h

de droite est l'automorphisme de Fhe
z
1




matrie dans la base (e
z
1
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L telle que ' =  Æ f

. Si x 2 
verie f

(x) = 1 2 
1



















emonstration. On note X  
g;1







auquel se retrate par deformation la surfae 
g;1





; ?) est don
ramene a elui de H
'

















le reve^tement abelien maximal de (X; ?). La deomposition ellu-
laire K de X ave ? pour unique 0-ellule et z
1
; : : : ; z
n











? (point base prefere de
b













est onentre en degres 1 et 0 don, en partiulier :
8r 6= 0; 1; H
'
r
(X; ?) = 0:
Le F-espae vetoriel C
'
1
(K; ?) admet (e
z
1
; : : : ; e
z
n
























































2 f1; : : : ; ng tel que '(z
i
0






















(X; ?) = Ker (
0




(X; ?) ' F
n 1
;
e qui prouve les points a) et b) du lemme.
















X son relevement (voir n
du x1.2.4). Cette appliation
b







































Nous rappelons que, d'une faon generale, si  est un laet dans X oriente et base
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) 2  debutant en
b
?, la formule (2.6)


































Nous demontrons maintenant le point d). Soit  un laet base en ? representant
x et soit b son relevement debutant en
b
?. Alors, dans Fhe
z
1









est egal d'apres (2.6) a 1 











f (b) 2 C
 
1
(L; f(?)). Or, la projetion de
b
f (b) sur L est nul-homotope par
hypothese, don le hemin
b
f (b) est un laet nul-homotope du reve^tement abelien




) = 0. 









, notons D 

g

















; ?) ' F
2g 2
:




et le hoix de la base (z
1
; : : : ; z
n
)










































un dieomorphisme xant point par point 
g;1
et induisant







l'extension de h par l'identite






































































; ?). Soit K une deomposition ellulaire de 
g;1
; L :=
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K [ D est alors une deomposition ellulaire de 
g
. La suite exate ourte de



























induit par appliation du fonteur F 

Z[H℄
  une s.e.. de F-omplexes qui a son




















































D, qui est l'unique relevement de D touhant le point
b
?. Nous





















































































































Pour tout i 2 f1; : : : ; gg, par alul dierentiel libre, nous obtenons :












































































L'equation (2.7) se deduit de (2.8) et des formules (2.9) et (2.10). 
2.2.3. Representation de Magnus du groupe de Torelli de 
g;1
. Conservons les
notations relatives a 
g;1
employees en x2.2.1. Nous notons aussi T
g;1
le groupe de
Torelli de la surfae 
g;1
. L'assertion ) du Lemme 2.2 susite notre intere^t pour e
qui suit.
Definition 2.4. La representation de Magnus du groupe de Torelli T
g;1
est
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Le fait que M soit eetivement un homomorphisme deoule de la \regle de la
ha^ne" du alul dierentiel libre (f. [Bi, Theorem 3.9℄).


























eme 2.5 (Magnus). Le noyau de la representation de Magnus de T
g;1





emonstration. Le fait suivant, bien onnu, remonte a Magnus (f. [Mg℄) :
il est exprime ii ave le formalisme du alul dierentiel libre et nous en donnons
une preuve expliitement topologique.
Affirmation 2.6. Soient x; y 2 , alors x  y mod 
00
si et seulement si :

















emonstration de l'Aff. 2.6. Pour tous x; y 2  et pour tout i 2 f1; : : : ;






















































  1) 2 Z[=
0
℄:
Il suÆt don de demontrer que pour tout x 2  :















Soit pour ela X le bouquet de n erles z
1
; : : : ; z
n
bases en ? (omme dans





le reve^tement abelien maximal de (X; ?).
Supposons que x 2  ' 
1
(X; ?) est represente par un laet   X base en ?
et soit b son unique relevement debutant en
b
?. Alors, x 2 
00
si et seulement si
b est un laet dans
b












On deduit alors l'equivalene (2.11) de la formule (2.6) rappelee dans la preuve du
Lemme 2.2. 
Pour tout h 2 T
g;1
, h 2 D
g;1









i 2 f1; : : : ; ng. Le theoreme de Magnus est don une onsequene de l'A. 2.6. 
2.3. Calul de variation. Nous sommes maintenant pre^ts a resoudre le proble-
me pose en introdution de ette setion (page 155). Rappelons-nous qu'il s'agissait









) gra^e a la formule
ontingente de Mayer-Vietoris.
Les resultats du x2.2 nous invite d'ores et deja a distinguer le as \exeptionnel"














est trivial, du as \generique" ou et homomorphisme de groupes est non-trivial.
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2.3.1. Calul de la variation dans le as \generique". Nous ommenons par
donner, une ondition neessaire et suÆsante a la nullite de 
'
(M;) dans le as



























































Nous xons dans la suite un point ? sur M
2































Lemme 2.7. Dans le as \generique", H
'

(M;?) = 0 si et seulement si les deux
onditions suivantes sont satisfaites :































emonstration. D'apres le Lemme 2.1, H
'






























est un isomorphisme pour tout r. Etant dans le as \generique", nous avons d'apres







; ?) = 0















) = 1 g. L'equivalene annonee deoule don du fait, qu'en dimension














Supposons maintenant qu'on ait H
'



































































































(?) la projetion sur le deuxieme fateur de ette












































a un fateur multipliatif pres dans ' (H
1













emonstration. Dans ette preuve, an de simplier la notation des groupes
d'homologie a oeÆients twistes, nous n'indiquons pas la dependane de eux-i
en le point ?.
Pour tout x 2 H
2





















































e qui demontre la premiere assertion.
































est un isomorphisme simpliial.
Soit la C
1
-triangulation de M :
(K; )








) par f .


















Nous appliquons maintenant la formule ontingente de Mayer-Vietoris en mainte-
























































. Quitte a modier h dans sa lasse d'isotopie,
nous pouvons supposer que ? est xe par le dieomorphisme h. Nous notons omme
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. Ayant suppose H
'

(M) = 0, on deduit d'une double appliation du
























































(y) = 0) y = 0)






















) 6= 0) :







) = 0. Nous sup-

























































) d'autre part. D'apres [Mu, x10.5 et




















est une subdivision de L
i



























est un isomorphisme simpliial.









































gf)h est homotope a h, et est don isotope a
h. 






une subdivision de K
i





pour i = 1 et






triangulation de la variete M
0





















































Et par appliation de la formule ontingente de Mayer-Vietoris, en primant les















































































est identie ave L
0
2
















Nous omparons maintenant les formules (2.12) et (2.13), a une fateur multi-
pliatif pres dans ' (H
1
(M)).
Tout d'abord, d'apres le Lemme 2.1, les signes  et 
0
sont egaux ar ils dependent
pareillement des me^mes lasses d'isomorphismes d'espaes vetoriels gradues.















. En eet, soit H
(respetivement H
0















) pour les oeÆients reels. On denit
un isomorphisme  entre les R-omplexes ayliques H et H
0
en posant dimension




























































[pt℄) pour r = 0;











℄) pour r = 3:
Ii, 
℄
est l'isomorphisme dual de  pour les formes d'intersetion de M et de M
0
.




































nous est alors imposee).
Nous deduisons alors des equations (2.12), (2.13) et de l'invariane par subdi-
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Soit d
1




une base de I
2


























la matrie de h

dans ette base. En partiulier, H
22







dans la base d
2
.







































































































L'AÆrmation 2.10 et l'equation (2.14) ahevent la preuve du theoreme. 











































Il existe alors une onstante C 2 F independante de  et egale a det(r
2
), a un
fateur multipliatif pres dans ' (H
1















(M;) 6= 0, le theoreme est une reformulation du
Th. 2.8 ; il nous suÆt don de montrer que : (
'

























(M;) 6= 0 et det(r
2
) 6= 0) :





































(?)) = 0. Soit x 2 I
2
(?) tel que r
2





















(x) = 0 et x = 0. Cei prouve l'injetivite, et don l'inversibilite de r
2
. Soit

























































= 0, puis que r
 1
2
(x) = 0 et enn que x = 0. Aussi







(?) = 0. 
2.3.2. Calul de la variation dans le as \exeptionnel". Nous envisageonsmain-





eme 2.12. Dans le as \exeptionnel", il existe une onstante C 2 F
independante de  et appartenant a ' (H
1













emonstration. D'apres le Lemme 2.1, 
'









































































































) s'annulent don en me^me temps.
On les suppose dans la suite non-nulles.
En repetant les arguments de la preuve du Th. 2.8, qui se simplient ii vu que
h
















On montre de me^me qu'au debut de la preuve du Th. 2.8, que e rapport est
independant de . 










. Quitte a modier h 2 T (M
2
) dans sa lasse d'isotopie, on peut

















deni au x2.2.3. Il existe alors une onstante C 2 F independante de  et apparte-
nant a ' (H
1





























est triviale, il suÆt d'appliquer le Th. 2.12.
Plaons-nous dans le as \generique". Puisque M(h) est la matrie identite
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est l'identite. On onlut alors gra^e au Th. 2.11. 
2.3.4. Indetermination sur la variation de la torsion. Nous onluons sur une
remarque generale onernant nos preedents resultats. Chaun d'entre-eux s'atta-








) = C  
'
(M;) 2 F:
La onstante C, independante de , n'etait reonnue qu'a un fateur multipliatif








ette lasse d'equivalene. Nous rendons la disussion interessante en supposant
dans la suite que 
'
(M;) 6= 0. Le lemme suivant montre que, sous ertaines
hypotheses sur F et ', ette indetermination peut e^tre en fait levee.
Lemme 2.14. Supposons les hypotheses suivantes satisfaites :















(2)  1 =2 ' (H
1
(M)).
Alors, la onstante C est l'unique representant de la lasse Q qui soit symetrique,
'est-a-dire qui verie :
C = C 2 F:
Exemple 2.15. Ainsi, sous es hypotheses sur F et ', les onstantes C appa-
raissant dans le Th. 2.12 et dans le Cor. 2.13 sont egales a 1.


































































(). Ensuite, pour tout h 2 H
1
(M), nous avons :
'(h)  C = '(h)
 1
 C = '(h)
 2
 ('(h)  C) :
Don, le representant '(h)  C de Q est symetrique si et seulement si '(h)
2
= 1.
Par hypothese, C est don l'unique representant de Q qui soit symetrique. 
3. Torsions abeliennes et lovers boules
Definition 3.1. Un lover G dans une 3-variete ompate orientee M est dit
boule lorsque son degre de boules est non-nul :
l-deg(G)  1:
Les hirurgies sur les lovers boules engendrent parmi les 3-varietes une rela-






eme 3.2. (Levine, [Le, Th. 2℄) Soit G un lover boule dans une 3-
variete ompate orientee M . Alors, M et M
G
sont homologiquement obordantes,












V sont des equivalenes d'homologie.
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Gra^e aux resultats de la setion preedente, nous evaluons ii la variation subie
par les torsions abeliennes de Reidemeister-Turaev d'une Spin

-variete fermee, lors
d'une hirurgie le long d'un lover boule. Puis, on en deduit que es torsions sont
multipliativement des invariants de degre 1 pour e type de mouvement hirurgial.
Pour ela, nous alulons au prealable l'image du dieomorphisme Borromeen par
la representation de Magnus.
3.1. Caluls autour du dieomorphisme Borromeen. Nous rappelons
que le dieomorphisme Borromeen, tel qu'il a ete deni dans la Remarque 2.8 du
Chapitre 2, est un dieomorphisme positif de 
3
. Nous le onsiderons maintenant







































sont les ourbes de 
3;1



























les laets bases en ?
0

















Le point base ?
0
, tel qu'il a ete hoisi en dehors de 
3;1
, ontinue a faire jouer des
ro^les symetriques aux anses 1, 2 et 3. Pour les aluls a venir, nous aurons besoin
de hoisir un point base sur le bord de 
3;1
. Soient alors le point ? 2 
3;1
et le
hemin oriente  reliant ?
0
a ? qui sont dessines sur la Figure 3.3. Nous denissons
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Fig. 3.3 { Changement de point base qui brise la symetrie
























































































































































































































































































































































































































; ?), induit par le dieomorphisme
















































































. En omposant es 6 automorphismes, on trouve
alors que l'automorphisme h
0

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3.1.2. Image du dieomorphisme Borromeen par la representation de Magnus.
Le dieomorphisme h vivant dans le groupe de Torelli de 
3;1
, nous pouvons
onsiderer son image par la representation de Magnus de T
3;1
relative aux hoix
















; ?) qui ont ete





















a valeurs dans un orps ommutatif F, tel que :






; : : : ; e
z
6











































; : : : ; e
z
6


























































































est la omposition 

Æ H, d'ou :
'M(h) = 'aJ (

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i deni par la matrie 'aJ(

) est don donne

































































; : : : ; e
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i deni par la matrie 'aJ(H), envoie le veteur
7
Pour une interpretation topologique de et automorphisme, voir la preuve du Lemme 2.2.













































Exemple 3.5. Nous nous interesserons au as partiulier ou, en plus de la
ondition :
8i 2 f1; 2; 3g; '(x
i
) = 1 2 F;





) = 1 2 F:










































































3.2. Une relation multipliative de degre 1. Comme annone, nous etu-
dions maintenant le omportement des torsions abeliennes de Reidemeister-Turaev
vis-a-vis des hirurgies le long de lovers boules.













































) en fontion de 
'
(M;),
a un fateur multipliatif pres dans ' (H
1
(M)).
Simplions le lover G. Quitte a appliquer le mouvement illustre sur la Fig. 1.4
du Chap. 1, on peut supposer que :
l-deg(G) = 1:
Gra^e au mouvement dessine sur la Fig. 1.5 du Chap. 1, nous pouvons aussi supposer
que tous les sommets du lover G sont situes sur l'unique boule de G. Alors, le
lover G est une \roue dentee". Soit d le degre de G. Nous orientons la boule,
les feuilles et numerotons les sommets omme indique sur la Fig. 3.5. Les lasses
d'homologie des feuilles et de la boule orientees sont respetivement notees :
f
1




(M) et b 2 H
1
(M):
Au o^te reliant le sommet i au sommet i + 1, on assoie un entier modulo 2 note
"
i
et egal a 1 ou 0 suivant que le o^te est twiste ou pas (relativement aux \dents"
























Fig. 3.5 { Le lover boule G M





























 C  
'
(M;) 2 F;
ou C 2 ' (H
1




; : : : ; X
d
℄





; : : : ; X
d








Remarque 3.7. Si les onditions du Lemme 2.14 sur F et ' sont satisfaites,
nous avons alors C = 1.
Remarque 3.8. Au vu de la Remarque 1.27, il existe un enone analogue au
Lemme 3.6 pour les polyno^mes d'Alexander-Conway multivariables des entrelas
orientes et ordonnes des spheres d'homologie orientees (dans e as, C = 1).
Cet enone generalise un resultat de Garoufalidis et Levine relatif aux polyno^mes
d'Alexander des noeuds (voir [GL, Lemma 2.5℄) et en donne une nouvelle preuve.
D






; : : : ; G
(d)
o































sont des voisinages reguliers deux-a-deux disjoints des graphes G
(i)
,

































. Nous hoisissons es d anses
et ette boule B dans une boule voisinage du lover G prive de ses feuilles et du
o^te reliant le sommet n
Æ




est un orps en anses plonge
dans M de genre 3d.






















est l'identite. Soit aussi t 2 T (M
2






































) est dieomorphe a la
Spin

-variete obtenue en twistant (M;) le long de M
2
par le dieomorphisme t.
Aussi, allons-nous pouvoir appliquer les resultats du x2.3, dont nous utiliserons le
voabulaire et les notations.
Nous hoisissons un disque D sur M
2
\ B et un point base ? sur D. Dans la
suite, an de simplier la notation des groupes d'homologie a oeÆients twistes,
nous n'indiquons pas la dependane de eux-i en le point ?.
Dans le as \exeptionnel" ou pour tout i 2 f1; : : : ; dg, '(f
i
) = 1, le Lemme 3.6
est une onsequene du Th. 2.12. On se plae dans le as \generique" ou il existe
un i
0
2 f1; : : : ; dg tel que '(f
i
0
) 6= 1. On peut supposer que i
0
= d.































































































) ; d'apres le Lemme 2.3, V est un F-espae


















































n int(D); ?). Un as partiulier est dessine sur la Figure
3.6.

































































































)  1) 2 F;





















. Nous aÆrmons a leur propos les faits suivants :
Affirmation 3.9. Le sous-espae I
2





























Affirmation 3.10. Les 2d veteurs de V qui suivent appartiennent a I
1
(et
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ELIENNES DE REIDEMEISTER-TURAEV












V sur les veteurs de base de I
2
. Pour tout i 2
















































































































































































































































) = det(A)  C  
'
(M;)
ou C 2 ' (H
1







































































































































































































) par rapport a la premiere ligne et det(A
3
) par rapport a




























































a une onstante mutipliative pres dans ' (H
1
(M)).
Nous prouvons maintenant les aÆrmations qui restent en suspens.
D

emonstration de l'Aff. 3.9. Puisque x
(i)
j




; ?) pour tout







. L'espae V n'etant que le quotient de l'hyper-
plan Ker(m) par la droite engendree par !, il s'en suit l'independane lineaire des




pour (i; j) 2 f1; : : : ; dg  f1; 2; 3g n f(d; 2)g. Enn, le orps
en anses M
2
se retratant a un bouquet de 3d erles, on alule failement le






) (omme dans la preuve du













. Il vient en partiulier
que j
2;
est surjetive, d'ou :
dim(I
2




































































































































































= 1 pour tout i = 1; : : : ; d et pour j = 1; 3, nous

































































































































































































































1 i 2 f1; : : : ; d  1g





















































































puis onluons alors gra^e au Lemme 2.3 d). 
















lovers de M disjoints tels que :
l-deg (G
1
) + l-deg (G
2
)  1:










































ou C 2 ' (H
1
(M)) est une onstante independante de .
Remarque 3.12. Si les onditions du Lemme 2.14 sur F et ' sont satisfaites,







eme 3.11. Supposons que l-deg (G
1
)  1. Comme
il a ete derit avant le Lemme 3.6, on peut supposer que le lover G
1
est une \roue
dentee". Alors, e lemme-la applique a G
1








































































































2 F) ne depend
que des valeurs de ' (resp. de '
G
2
) sur les lasses d'homologies denies par le
3. TORSIONS AB






dans M (resp. dans M
G
2



















































, e qui nous permet de onlure. 
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Une partie des diagrammes ommutatifs a ete dessinee ave le pakage de Paul Taylor.
